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Abstract

We study the monotonicity of information costs: more informative experiments should be
more costly. Using the standard information orders introduced by Blackwell (1951, 1953)
and Lehmann (1988) as informativeness criteria, we provide necessary and sufficient first-
order conditions for monotonicity, grounded in garbling characterizations of these orders. The
main contribution is the first general characterization of Lehmann monotonicity. We then
apply the characterizations to likelihood-separable and posterior-separable costs, identifying
subclasses that satisfy both monotonicity notions and showing, in particular, that the entropy

cost is Lehmann monotone.
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1 Introduction

Recent developments in economic theory have expanded the scope of decision-making by model-
ing information as a costly choice variable. This approach treats information as a standard eco-
nomic choice variable: just as consumers select consumption bundles and producers choose input
combinations, agents actively decide which information to acquire, taking into account the cost of
doing so. This framework underlies a growing body of work across economics, including macroe-
conomics (Sims, 2003), finance (Van Nieuwerburgh and Veldkamp, 2010), and games (Maté¢jka
and McKay, 2012; Yang, 2015; Ravid, 2020).!

When modeling the cost of information, the most fundamental requirement is monotonicity,
that is, more informative options should entail higher costs. Unlike consumption bundles or input
combinations, for which the notion of “more” is straightforward, informativeness is more subtle
and often defined indirectly. One natural approach is to assess informativeness by how much the
information improves decision-making. Two classical information orders—introduced by Black-
well (1951, 1953) and Lehmann (1988)—formalize this idea and are widely recognized as standard
criteria for comparing the informativeness of statistical experiments. Specifically, an experiment is
more informative in the Blackwell sense if it yields higher expected payoffs in all decision prob-
lems, whereas it is more informative in the Lehmann sense if it does so across various classes of
monotone decision problems—such as those with preferences satisfying the single-crossing prop-
erty (Milgrom and Shannon, 1994) or the interval dominance order property (Quah and Strulovici,
2009).

The generality of the Blackwell order, while being its greatest strength, is also its primary limi-
tation. By requiring one experiment to dominate another across all decision problems, the criterion
is often too demanding, rendering many pairs of experiments incomparable. This has motivated re-
searchers to seek finer information orders by narrowing the class of decision problems considered.
The Lehmann order is a leading example, focusing on the broad and economically significant class
of monotone decision problems, including auctions and screening problems.? This refinement en-
ables meaningful comparisons of experiments that are otherwise incomparable under the Blackwell
order, providing a more discerning tool for this important set of economic applications.

This paper develops a unified framework for characterizing the monotonicity of information
costs with respect to both the Blackwell and Lehmann orders using first-order conditions. Our
primary contribution is the first general characterization of Lehmann monotonicity. This result

addresses the critical theoretical gap identified above, as previous analyses have focused almost

!See Mackowiak et al. (2023) for a recent and comprehensive survey of the literature.

2The Lehmann order is applied in auctions (Persico, 2000; Bobkova, 2024), finance (Bond, 2023), screening (Kim,
2023; Asseyer, 2025), and grantmaking (Adda and Ottaviani, 2024). It also extends to decisions under ambiguity (Li
and Zhou, 2020).



exclusively on Blackwell monotonicity. Our characterization yields tractable first-order conditions
that make the verification of Lehmann monotonicity computationally and conceptually transparent
and identify broad families of information costs that satisfy it.

As part of the unified framework, we also provide a first-order characterization of Blackwell
monotonicity, complementing existing results in the literature. Our analysis offers a unified ge-
ometric perspective on both notions of monotonicity and demonstrates how they can be studied
within a common analytical structure. Although the results are developed in the context of informa-
tion costs, the characterizations apply more broadly to any cardinal representation of experiments
that respects the Blackwell or Lehmann information order.

Our unified approach builds on the garbling representations of the two information orders.
For the Blackwell order, it is well known that one experiment is more informative than another
if the latter can be obtained by a garbling of the former, that is, by introducing additional noise.
The simplest such garbling is the one that replaces a signal with another with some probability,
while leaving other signals unchanged. Since this operation reduces informativeness, Blackwell
monotonicity requires that the cost function decreases in the direction of such signal replacements.
Taking the replacement probability to zero yields a natural first-order condition, which we call
decreasing in signal replacement. Our characterization results (Theorems 1 and 3) show that this
local condition is sufficient for global Blackwell monotonicity under additional natural conditions
regulating the cost of equally informative experiments.’

Following the same logic as for the Blackwell order, our analysis of Lehmann monotonicity
builds on its characterization in terms of garbling. This representation has been established re-
cently by Kim (2023). It was shown that, for experiments satisfying the monotone likelihood ratio
property (MLRP), one experiment is Lehmann more informative than another if the latter can be
obtained from the former through a generalized form of garbling—one that introduces noise that
is reversely monotone with respect to the underlying states. This generalized garbling gives rise to
a family of reverse signal replacement operations, which replace a low (high) signal with a high
(low) signal with some probability, but only in states below (above) a certain threshold. Taking the
replacement probability to zero again yields a first-order condition, which we call decreasing in
reverse signal replacement. Our characterization results (Theorems 2 and 4) show that this local
condition plays the same central role for Lehmann monotonicity.

Our primary technical contribution is a method for constructing informativeness-reducing paths
between two comparable experiments. The key to proving that our local monotonicity conditions

imply global monotonicity lies in this construction, which allows us to decompose arbitrary in-

3Specifically, permutation invariance requires that the costs remain unchanged when permuting the labels of the
signals, while split invariance requires that splitting a signal into two copies does not change the cost. Both opera-
tions do not change the informativeness of an experiment. The results also require the cost function to be absolutely
continuous, and in some cases, differentiable.



formation loss, in the sense of the Blackwell and Lehmann orders, into continuous paths of local
signal replacements and local reverse signal replacements, respectively. This path construction
is especially useful for the Lehmann order. Unlike the Blackwell order, which admits a natural
posterior-based interpretation through the induced distribution of posterior beliefs, the Lehmann
order is less directly amenable to such a characterization. Our construction therefore shows how a
global Lehmann comparison between experiments can be decomposed into a sequence of tractable
local changes to the experiment itself.

For the Lehmann order, the additional challenge is the requirement that all intermediate exper-
iments along these paths must preserve the MLRP. This is a significant hurdle because the set of
MLRP experiments is non-convex, making standard analytical tools that often rely on convexity
inapplicable. Our path-construction method overcomes this challenge by ensuring the constructed
paths lie entirely within the MLRP set, thereby circumventing the non-convexity problem. We
achieve this by leveraging novel geometric insights into the structure of the garbling representa-
tions for both the Blackwell and Lehmann orders. Specifically, our unified analysis draws on the
zonotope representation of the Blackwell order (Bertschinger and Rauh, 2014) and the probability-
probability (PP) plot representation of the Lehmann order (Jewitt, 2007).

To illustrate the main ideas, we present the analysis in two stages. We first examine the special
case of binary-signal experiments (Section 2), where the simpler structure clarifies how signal
replacements serve as fundamental building blocks and how the MLRP can be preserved. We
then extend the analysis to the more intricate case of arbitrary finite signal spaces (Section 3),
demonstrating how the same core principles apply in full generality.

Finally, to illustrate the usefulness of our characterizations, we apply them to several widely
studied classes of information cost functions. For likelihood-separable and posterior-separable
costs, whose Blackwell monotonicity has been established (Caplin and Dean, 2015; Denti et al.,
2022b), we derive conditions under which they also satisfy Lehmann monotonicity. These condi-
tions identify broad subclasses satisfying both monotonicity notions and imply, in particular, that
the entropy cost (Sims, 2003) is Lehmann monotone. At the same time, we show that Lehmann
monotonicity does not hold for these classes in general. We also examine the Bregman information
costs of Fosgerau et al. (2020), which provide a rational inattention foundation for additive random
utility models. Because these costs are not invariant to signal permutations, they are known to vio-
late Blackwell monotonicity globally. We further show that they can violate our local monotonicity

conditions and hence need not be either Blackwell or Lehmann monotone, even locally.

Related Literature Our work contributes to the literature on information costs by unraveling
the structure of monotonicity, a property considered a minimum requirement for any plausible

information cost function.



This principle is typically formalized with respect to the information order by Blackwell (1951,
1953), and much of the prior literature on the topic has focused on ensuring costs are Blackwell
monotone. A significant body of research, for instance, treats Blackwell monotonicity as a foun-
dational axiom, combining it with other properties to characterize specific classes of cost func-
tions (Mensch, 2018; Hébert and Woodford, 2021; Pomatto et al., 2023; Baker, 2023; Bloedel and
Zhong, 2024). Another strand of the literature takes a decision-theoretic approach, aiming to derive
a representation of utility and information costs from observable choice data. In identifying such
costs, Blackwell monotonicity emerges as a necessary consequence of rational, cost-minimizing
behavior as in, e.g., de Oliveira et al. (2017) and Chambers et al. (2020).*

Unlike these works, which use monotonicity as an ingredient to derive a full functional form,
our analysis isolates the property itself. We ask what, on its own, Blackwell monotonicity requires
of a cost function. The result is a necessary and sufficient condition in the form of a simple, local
first-order inequality, which provides a more fundamental understanding of this core property.

A closely related result to our characterization of Blackwell monotonicity is Claim 1 of Ravid
et al. (2022), which likewise relies on directional derivatives of the cost function. However, their
analysis defines the cost function on the distribution of posterior means generated by an experi-
ment. This approach therefore treats any information not captured in the first moment of the pos-
terior beliefs as costless. Due to this fundamental difference, the two first-order characterizations
are not directly translatable.

Subsequently, we extend our analysis to Lehmann monotonicity, a stronger notion of mono-
tonicity that, to our knowledge, has not been systematically explored. The information order by
Lehmann (1988) is the relevant criterion for the large and important class of monotone decision
problems commonly found in economics (Quah and Strulovici, 2009; Chi, 2015). By charac-
terizing necessary and sufficient conditions for Lehmann monotonicity, we provide a method of
examining whether an existing cost function satisfies Lehmann monotonicity or not. For instance,
while the literature typically assumes that posterior- or likelihood-separable costs have “concave”
or “sublinear” primitive functions to ensure Blackwell monotonicity (Denti et al., 2022b), these
conditions alone do not guarantee Lehmann monotonicity. Our analysis fills this gap by provid-
ing a new set of conditions under which these costs also satisfy the more demanding Lehmann

monotonicity (Propositions 1 and 3).

4This revealed preference framework has been broadly applied to derive testable implications of stochastic choice
models and to characterize the behavioral foundations of various cost structures (e.g., Caplin and Dean, 2015; Denti,
2022; Lipnowski and Ravid, 2023).



2 Binary Experiments

We begin our analysis by focusing on the special case of binary experiments—those consisting of
only two signals—to illustrate the key ideas of our characterization in a simpler setting. In this
section, we provide necessary and sufficient conditions for information cost functions defined over
binary experiments to satisfy Blackwell monotonicity and Lehmann monotonicity, respectively.
Although this focus is restrictive, the results are not merely illustrative: they also offer practical
value in applications where the underlying signals or actions are binary, a common benchmark in

many economic models.’

2.1 Blackwell Monotonicity
2.1.1 Preliminaries

Let 2 = {wy,--- ,w,} be a finite set of states and S = {s., sy} be a binary set of signals. A
binary (statistical) experiment f : {2 — A(S) can be represented by an n X 2 matrix:

1—fi h
f=1 s
L—fo fn
where f; = f(sg|w;) is the probability of observing the high signal (sg) in state w;. For conve-
nience, in this section only, we write f = [f1,---, fu|T € & = [0, 1], and refer to the associated
matrix as [1 — f, f] where 1 = [1,--- ,1]T.

Blackwell Information Order An experiment f is said to be Blackwell more informative than
another experiment g, denoted by f >~p g, if and only if there exists a stochastic matrix M (i.e.,
M;; > 0and }-; M;; = 1 for all 4) such that [1 — g,g] = [1 — f, f] M. Such a matrix M is
referred to as a garbling matrix. We say that f and g are equally informative, denoted f ~p g, if
both f >p5 gand g =~ f hold. When both f and g are binary experiments, any garbling matrix M

must be a 2 x 2 stochastic matrix. Let M5 denote the set of all such matrices.

Information Costs An information cost function defined over binary experiments is denoted
by C': & — R,. We assume (' to be differentiable for discussions in the main text, but we
will specify if this assumption is required in the statements of our theorems. Furthermore, say
that C' : & — R, is absolutely continuous if for all f,g € & and t € [0, 1], the function

31t is well known that in binary-action problems, if the information cost is Blackwell or Lehmann monotone, it is
without loss to focus on binary experiments.



o(t) = C(f + t(g — f)) is absolutely continuous in ¢ over [0, 1].* Equivalently, the Fundamental
Theorem of Calculus (FTC) holds, i.e., ¢(1) — ¢(0) = fol o/ (t)dt.

Blackwell Monotonicity Say that C' is Blackwell monotone if for all f,g € &, C(f) > C(g)
whenever f >=p ¢. For a given cost function C, let Sc(f) = {g € & : C(f) > C(g)} denote
its sublevel set at f, and let Sg(f) = {g € & : f =p g} denote the set of experiments less
informative than f in the Blackwell order. By definition, C' is Blackwell monotone if and only if
Sc(f) 2 Sp(f) forall f € &.

2.1.2 Parallelogram Hull

To establish necessary and sufficient conditions for Blackwell monotonicity, we begin by charac-
terizing the sublevel set of binary experiments, Sp(f). Forany f, g € & with f =p g, there exists
M € My such that [1 — g, ¢g] = [1 — f, f|M. Any stochastic matrix M € M, can be written, for

some (a,b) € [0,1]?, as
a l—a
b 1—-0b|

which implies that g = af + b(1 — f). This leads to the following characterization.

Lemma 1. Forany f,g € &, f =g g ifand only if g lies in the parallelogram hull of f and 1 — f,
defined as
PARL(f,1—f)={af+b(1—f):a,be0,1]}.

In other words, Sp(f) = PARL(f,1 — f).”

When the state space is binary (i.e., n = 2), the parallelogram hull corresponds to the shaded
region (ABCD) in Figure 1a. In this case, f is Blackwell more informative than g if and only if ¢
lies within the parallelogram (ABCD).

2.1.3 The Characterization

Permutation Invariance Observe that Sp(f) = Sp(1 — f) = PARL(f, 1 — f), which implies
that f =5 (1 — f) »=p f, or equivalently, f ~p (1 — f). Intuitively, 1 — f can be obtained

by permuting the signals of f. This relabeling of signals should preserve the same information

®There are multiple generalizations of absolute continuity from R to R” emphasizing different aspects, see Dymond
et al. (2017). We adopt the generalization which requires the restriction of C' to any line segment to be absolutely
continuous. A sufficient condition for such absolute continuity is Lipschitz continuity.

"This geometric characterization of the Blackwell order coincides with the zonotope order in Bertschinger and
Rauh (2014), applied in de Oliveira et al. (2024). In the Online Appendix, we extend this characterization to experi-
ments with an arbitrary finite number of signals and may be of independent interest.
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(a) A parallelogram hull and its polar cone (b) A decreasing path from f to g

Figure 1: A Graphical Illustration with Binary States

content. Therefore, any Blackwell monotone cost function C' must satisfy C(f) = C(1 — f). We
refer to this property as permutation invariance and it serves as a necessary condition for Blackwell

monotonicity.

Decreasing in Signal Replacement Consider the following two garbling matrices:

1— 1 0
Ml - € 5 M2 = .
0 1 e 1—e€
The garbling induced by M; can be interpreted as replacing the low signal (s;) with the high
signal (sy) with probability ¢, while keeping sy unchanged. Similarly, M replaces sy with sy,

with probability €, while keeping s; unchanged. Applying these garblings to an experiment f

should reduce its cost if C' is Blackwell monotone:

CHzCf+e(@=1)),  CUf)=C(f —ef).

Notice these inequalities hold for all € € [0,1]. Then taking the limit as ¢ — 0, we obtain the
following first-order condition: Let VC' denote the gradient of C' and let (VC(f), h) denote the

directional derivative of C' at f in the direction of h.

Definition 1. A cost function C' : & — R, is said to be decreasing in signal replacement if for



all f € &,,

(VO(f)1—f)=>_ Z% — f) <0, 1)
(YO~ =Y 5o (-1 <0. @

When C' is not differentiable, the inequalities are required to hold whenever the (one-sided)
directional derivatives exist; see Appendix A for details. This property is clearly necessary for
Blackwell monotonicity.®

Geometrically, the vectors — f and 1 — f correspond to the two extreme directions of decreasing
informativeness, ﬁ and 1@, respectively, in Figure la. Inequalities (1) and (2) together imply
that VC'(f) must lie in the polar cone of PARL(f, 1 — f), which is the blue shaded area in Figure
la. In other words, Blackwell monotonicity imposes a constraint on the feasible directions of the
gradient of C' at each experiment.

Our first main result shows that for binary experiments, these two properties are not only nec-

essary but also sufficient for Blackwell monotonicity.

Theorem 1. Suppose C' : & — R, is absolutely continuous. Then, C'is Blackwell monotone if

and only if C' is permutation invariant and decreasing in signal replacement.

Proof Sketch for Sufficiency We use the binary-state case as in Figure 1 to illustrate the proof.
Consider any experiment g lying inside the parallelogram ABC D, i.e., f =g g. If g is above the
line BD as in Figure 1b, there exists a two-segment path from f to g, which moves only in the
directions specified by (1) and (2): moving from f in the direction of — f to reach f’ and then
moving from f’ in the direction of 1 — f’ to reach g. Absolute continuity ensures the directional
derivatives exist almost everywhere, and (1) and (2) imply they are negative along this path. Thus,
applying the FTC yields C(g) < C(f).°

If g lies below the line B D, its permutation, 1 — g, lies above the line BD and has the same
cost as g, by permutation invariance. Then, the same argument applies to 1 — g implying C(g) =
C1—g) <Cf) O

2.2 Lehmann Monotonicity

We now explore Lehmann monotonicity for binary experiments. Lehmann (1988) introduces an

information order that refines the Blackwell order for experiments satisfying the monotone likeli-

8Both directions are well-defined for all f € &, since f +e(1 — f) € Eyand f — ef € & forall e € [0,1].
9Since the argument relies only on directional derivatives, differentiability of C'is not required.

9



hood ratio property (MLRP), defined as:
f(s|lw) - f(s'|w') > f(s|w') - f(s'|w) forall s >s and o' > w. 3)

For binary experiments (with states and signals ordered by their index), the MLRP is equivalent to

f1 <--- < f,. Thus, we restrict our attention to the following set of experiments:
M ={fe& :0<fi<---<fu<1).

Note that EJ7LRF is a convex set, although this convexity breaks down when considering more than

two signals, as we discuss in the next section.

Lehmann Information Order Lehmann’s order is originally defined on continuous signal spaces.
This is without loss of generality, as he shows how to construct a continuous distribution from any
distribution with discontinuous jumps. In our binary setup, for any f € &,, we can associate a
continuous experiment f : ) — A([0,2]), where the probability distribution function given w; is
1 — fifors €[0,1)and f; for s € [1,2]. Formally, the cumulative distribution functions are given
by:

. (1= fi)x, if0 <z <1,

F(z|w;) = C))

(1—=fi)+ filz—=1), ifl <z <2
For any f,g € EMLEP | f is Lehmann more informative than g, denoted f = g, if and only if for
all y € [0,2], F~1(G(y|w)|w) is increasing in w. Under the MLRP, the Lehmann order is a strict
refinement of the Blackwell order: f =5 g implies f > g, but the reverse is not true.'’
The following lemma provides a tractable characterization of the Lehmann order for binary

experiments.
Lemma 2. Forany f,g € EMLEP £ =, g if and only if

gi Ji+1 1 —9in1 1—g
= > and > ; (%)
fi fis1 1 - fix 1—fi

foralll <i<n-—1.

This condition is closely related to the characterization in Jewitt (2007), which shows that, for

MLRP experiments, the Lehmann order coincides with the Blackwell order for all dichotomies.

For example, Kim (2023) (Appendix A.2) provides a pair of binary experiments that satisfy the MLRP and are
comparable in the Lehmann order, but not in the Blackwell order. Moreover, it is also shown that when the MLRP is
violated, f >=p ¢ does not necessarily imply f > g, i.e., the MLRP is a crucial assumption for this refinement to
hold.

10



That is, when the experiments are restricted to any pair of states, one is Blackwell more infor-
mative on that binary restriction. As a result, (5) follows from the binary-state, binary-signal

characterization of the Blackwell order in (OA.1.1).

Lehmann Monotonicity Say that C : EMEEP — R, is Lehmann monotone if for all f,g €
EMLRP "C(f) > C(g) whenever f = g.

Since the Lehmann order allows more comparisons than the Blackwell order, Lehmann mono-
tonicity requires stronger conditions.!! Specifically, there are directions of perturbing an exper-
iment that do not necessarily produce a Blackwell less informative experiment, yet they reduce
informativeness in the Lehmann sense. The following lemma identifies a broader class of signal

replacements that exhibit this behavior.

Lemma 3. For any vector h € [0, 1]" and for any 1 <1 < n, define
(h)glz[hla"' 7hl707"' 70]T and (h)2l5[07 707hl7"' 7hn]T‘

For any f € EMLRY aqnd 1 < | < n, if fi < fi41, there exists ¢ € (0,1] such that f =
fHe- (1= fa € EMEEP forall € € [0,¢]. Similarly, if fi_1 < f, there exists € € (0, 1] such
that f =1 f+e€-(—f)s € EXEEP forall e € [0, €"]."?

Observe that f +¢- (1 — f)<; can be interpreted as replacing the low signal with the high signal
with probability €, but only in the lower states, specifically, those less than or equal to /. In other

words, this operation is equivalent to applying a state-dependent garbling such that

1— 10
€€ for 1 </ and for ¢« > .
0 0 1

This operation is a form of the monotone quasi-garbling introduced by Kim (2023), where it is
shown that if f is Lehmann more informative than g, then g can be obtained by adding reversely
monotone noise to f—that is, noise that is more likely to generate higher signals in lower states
and lower signals in higher states.!?

Likewise, f + € - (—f)>; corresponds to replacing the high signal with the low signal with
probability €, but only in the higher states (those greater than or equal to /). Taking the limits of

""However, permutation invariance—a key condition for Blackwell monotonicity—does not apply in the Lehmann
setting, since the analysis with the Lehmann order is restricted to MLRP experiments where permuting signals can
violate this property.

2We set fo = 0 and f,41 = 1.

13Unlike the state-independent noise in Blackwell’s garbling, reversely monotone noise is state-dependent: the noise
distribution for a lower state first-order stochastically dominates the distribution for a higher one. See Definition 3 of
Kim (2023) for details.

11



f+e-(1—f)gand f+e€-(—f)> as e — 0 yields the following first-order conditions that are

necessary for Lehmann monotonicity by Lemma 3.

Definition 2. A cost function C' : & — R, is said to be decreasing in reverse signal replacement
if, forall [ € EMIRP and 1 < < n,

(VO A= Had =Y 5= (1= £) <0 i< foi©
i=1 7"
“~ 9C _
(VO (=20 = D 55 (D - (=f) <0, if fro1 < fo (M
i=l 7!

Our next result shows that this condition also serves as a sufficient condition for Lehmann

monotonicity over binary experiments.

Theorem 2. Suppose C : EMERP — R, is absolutely continuous. Then, C' is Lehmann monotone

if and only if C'is decreasing in reverse signal replacement.

Similar to the proof of Theorem 1, the sufficiency direction is proved by constructing a decreas-
ing path from f to g, using only directions specified by (6) and (7). A key challenge absent in the
Blackwell case is to ensure all experiments along the path remain within EME1P since (6) and (7)
hold only for MLRP experiments. Our proof provides an explicit construction, where in each step,
f1 is transformed to match g; through the direction of either (1 — f)<; or (—f)>;. Lemma 3 ensures
all experiments along the path remain in £J7LEF and are decreasing in Lehmann informativeness.

Observe that inequality (1) is equivalent to (6) with [ = n, and (2) corresponds to (7) with
[ = 1. This implies that decreasing in reverse signal replacement implies decreasing in signal
replacement. In other words, while Blackwell monotonicity is characterized by two inequali-
ties, Lehmann monotonicity requires the satisfaction of 2n inequalities, making it a significantly

stronger condition.

Remark 1. For m = n = 2, the Blackwell order and the Lehmann order are equivalent when re-
stricted to EML1P | This follows from the equivalence between the Lehmann order and the Black-
well dichotomies order, as established by Jewitt (2007). While Lehmann monotonicity in this case

involves 2 X 2 inequalities, two of these can be derived from the others:

1 2 o0 1 & oC oC
‘Z(l—fz)—-i‘—'Z(—fl)a—flSO = (1—f1)8—fl§0,

1 2 o0 1 & oC oC
2:(1 ~Pgr+ 5 ;(—ﬁ)a—ﬁ <0 = (fgp <0,

12



given f; < fo. Therefore, when m = n = 2, Lehmann monotonicity essentially requires the
same two inequalities as Blackwell monotonicity, confirming their equivalence. This equivalence,

however, does not extend beyond binary states.

3 Finite Experiments

In this section, we extend our characterization of Blackwell and Lehmann monotonicity to exper-
iments with any finite number of signals. While the intuition for the necessary conditions carries
over from the binary case, establishing their sufficiency is significantly more intricate. The core
difficulty lies in constructing a continuous, cost-decreasing path from a more informative experi-
ment to a less informative one. This challenge is particularly acute for Lehmann monotonicity, as

the path must remain within the non-convex set of MLRP-satisfying experiments.'*

3.1 Preliminaries

Let &, denote the set of experiments given a signal space S = {sy,--+ ,8,,}. Forany f € &, f
can be represented by the n x m matrix where f7 = f(s;|w;) is the probability of generating signal
j in state i. Let f7 = | ff .-+, f2]T € R" denote the j-th column vector of f. Using this notation,

we can rewrite

f=1t e Ry,
with the constraint that ZTZI ff=1.Let& =/, <m<oo Em denote the set of all finite experiments.
As & is a disjoint union of the sets &,,, we define a cost function C' : £ — R, as a collection of
functions (Cy,)m>2 With Cyy, : &€, — Ry and C(f) = Cy,(f) for f € &,,. We say that C' is abso-
lutely continuous, locally Lipschitz, or differentiable if each restriction C,, has the corresponding

property for every m > 2.

3.2 Blackwell Monotonicity

The Blackwell order on £ is defined as follows: given f € &, and g € &,,/, say that f is Blackwell
more informative than ¢ if and only if there exists an m X m’ stochastic matrix M such that
g = fM. In this section, we characterize necessary and sufficient conditions for a cost function

C : £ — R, to be Blackwell monotone.

Permutation Invariance As in the binary case, relabeling signals does not change the informa-

tiveness of an experiment and the cost should remain the same. Hence, permutation invariance

14See Appendix B.2.1 for an example of violating convexity.
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remains a necessary condition for Blackwell monotonicity. Formally, for an experiment f € &,,, a
permutation of f can be represented by f P where P is an m X m permutation matrix—a stochas-
tic matrix with exactly one non-zero entry in each row and each column.'® Permutation invariance
requires that C'(f) = C(fP) forall f € &,, and all permutation matrices P.

Split Invariance Consider a garbling operation in which, upon observing signal j, preserves the
signal with probability 1 — X and relabels it as a new, distinct signal with probability A. This new
experiment is Blackwell equivalent to the original one, since a garbling that merges the two signals
together recovers the original experiment. Consequently, the cost should also remain the same. In
matrix terms, this corresponds to splitting the column f7 into two columns, (1 — \)f7 and \f7.
Formally, a cost function C' : & — R, is split invariant if C(f) = C(f’) for any f € &,, and
f € &,41 such that

Fr=1 =N (8)

for some \ € [0,1] and 1 < j < m. Note that when A = 0 (or A = 1), this operation simply adds
a column 0 to f, effectively embedding f into &£, 1. Thus, split invariance ensures that the cost

remains unchanged when unobserved signals are added to an experiment.

Decreasing in Signal Replacement We now extend Definition 1 from binary to finite experi-
ments. For f € &,,, define

j-th column k-th column
j—k — - "
f =10 —f 0 --- f e 0

Observe that, for all € € [0,1], f + efi7* € &,, is a garbling of f, in which signal j is replaced
with signal &£ with probability e. Since this operation makes the experiment less informative, any
Blackwell monotone cost must decrease under it. By taking e — 0, we obtain the first-order

condition.

Definition 3. A cost function C' : £ — R is said to be decreasing in signal replacement if, for
allm >2andall1 < j#k <m,

(VCu(f). 74 = (— 88?; + %C;Z) 7 <0t )
i=1 ( t

150pbserve that when P is a permutation matrix, its inverse, P71 is also a permutation matrix that restores the
original experiment. Since both P and P~ are stochastic matrices, we have f =g fP =g fPP~! = f, which
implies f ~p fP.

1Since f1 4 -+ f™ = 1, we can fix j* and normalize C,,/0f7 = 0. Whenm = 2 and j* = 1, this definition
reduces to Definition 1.
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Our next theorem shows that these three conditions are necessary and sufficient for Blackwell

monotonicity over finite experiments.

Theorem 3. Suppose C' : £ — R is absolutely continuous and differentiable. Then, C is Black-
well monotone if and only if C' is permutation invariant, split invariant, and decreasing in signal

replacement.

In the proof of Theorem 3, to construct a continuous path between any two comparable exper-
iments f € &, and g € &, we first embed both into &,,,,» and assign their signals to disjoint
subsets. We then define a path by taking convex combinations of these embedded experiments
within &,,,,,». Along this path, the experiment evolves in a direction that can be expressed as
a positive linear combination of signal replacements. The differentiability of the cost function
implies that its directional derivative along this path is likewise a positive linear combination of
its derivatives with respect to signal replacements, each of which is negative. Hence, the cost
decreases along the path.

Notice that differentiability enables the construction of a path using positive linear combina-
tions of signal replacements, rather than restricting to single-signal replacements as in the binary
case. This relaxation is essential: as Proposition OA.2 in the Online Appendix shows, the argu-
ment used for binary experiments does not extend to more general cases. An alternative approach

that does not rely on differentiability is discussed in the following remark.

Remark 2. The proof of Theorem 3 relies on embedding the experiments into a higher-dimensional
space &,,+m’, Where the cost function must be well defined. In some applications, however, it may
be desirable to characterize Blackwell monotonicity for cost functions defined only over experi-
ments with a fixed number of signals, say &,,. In the Online Appendix, we show that if the cost
function C,, : &,, — R, is absolutely continuous and quasi-convex,'’ then C,, is Blackwell mono-
tone if and only if it is permutation invariant and decreasing in signal replacement. To address the
issue raised in Proposition OA.2, we show that every extreme point of the sublevel set of an exper-
iment can be reached through a combination of single-signal replacements and permutations. This

fact, combined with quasi-convexity, establishes the result.

3.3 Lehmann Monotonicity

We now turn to characterizing necessary and sufficient conditions for Lehmann monotonicity.
Since the Lehmann order is defined over experiments that satisfy the MLRP, we restrict attention

to the following subset of &£:

EMLREP — [ c £ . f satisfies the MLRP condition (3)} .

170, is quasi-convex if for any f,g € &, C(A\f + (1 — \)g) < max{C(f),C(g)} forall A € [0,1]
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Let EMLRP denote the subset of EMERY consisting of experiments with m signals.

(c:MLRP

The Lehmann order over is defined analogously to the binary case. Given any f &€

EMLEP associate it with the continuous experiment f : Q — A([0,m]), as constructed in (4).
Then, for any f € EMIEP and g € EMLRP  gay that f is Lehmann more informative than g if and

only if for all y € [0,m/], F~(G(y|w)|w) is increasing in w.

Split Invariance Suppose that f € EMLEP and f' € &,,,, are constructed as in (8) for some
A € [0,1]. Notice that f’ also satisfies the MLRP, i.e., f/ € EMERP. Since splitting an experi-
ment does not change Blackwell informativeness (f ~p f’), and the Blackwell order implies the
Lehmann order on MLRP experiments, Lehmann informativeness also remains unchanged (f ~,
7). Formally, it can be shown that for any = € [0,m] and y € [0,m + 1], both = (F'(y|w)|w)
and F/~ (F(z|w)|w) are constant across w, thus, f and f are equally informative in the Lehmann

sense. Hence, split invariance serves as a necessary condition for Lehmann monotonicity.

Decreasing in Reverse Signal Replacement We now extend Definition 2 from binary to finite
experiments. Recall that f%z = [f],--- ,ff,0,~~ ,0]7 and fil = 10,---,0, flj, -+« fI]7. For
[ € EMLRE  define

%‘l_}j—i_lz [07 70707_ él?f%hof" 70]7

;l_}j_l = [Oa 707f§[7_f§[70707"' aO]

Notice that, unlike in “decreasing in signal replacement” where signal ;7 may be replaced by any
signal k, here we only allow signal j to be replaced by its immediate neighbors, i.e., 7 + 1 or j — 1.
This restriction is crucial for ensuring that the resulting experiment remains in EML1P for a range
of € values, as shown by the following lemma. More importantly, it shows that such perturbations

reduce the Lehmann informativeness of the experiment.

Lemma 4. Suppose that f € EMIEY Forany1 <1 <nand1 < j <m-—1if f} fljfll
flofiTL S then there exists ¢ € (0,1] such that f =1, f + ef]ﬂJrl € EMLRP forall e € [0, €.
Similarly, forany 1 <1 <mnand?2 < j <m, if /7' f] > f/7"f_,"° then there exists ¢ € (0,1]
suchthat f = f+e€- f]—” Y e EMLEP forall e € [0, €"].

Given this result, we can take the limit as ¢ — 0 to obtain the following first-order condition

that is necessary for Lehmann monotonicity over finite MLRP experiments.

Definition 4. A cost function C' : EMERP s R is said to be decreasing in reverse signal re-
placement if, for allm > 2, f € EMLEP qpnd 1 <[ <n,

8Here, given j, we set ffIH =0and fj+1 =1.
9Similarly, we set f3~' = 1and fJ = 0.
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(i) ifL<j<m—1Lland f] fi1} > i ",

l . 9C
JHJH J .
(VC,u(f) § :( af] f3+1> fi< (10)

(ii) if2<j<mand fi7'fl > 7' fl.,

ety o (_9Ch ac ;

i
Here, C,, denotes the restriction of C to EMLRL,

The next theorem establishes that this condition, together with split invariance, is both neces-

sary and sufficient for Lehmann monotonicity.

Theorem 4. Suppose C' : EMLRP s R_ is locally Lipschitz and differentiable. Then, C is

Lehmann monotone if and only if C' is split invariant and decreasing in reverse signal replacement.

The proof of Theorem 4 again relies on constructing paths of experiments, but the Lehmann
case is more delicate because every experiment along the path must satisfy the MLRP. Since the
MLRP is not preserved under convex combinations, the constructed paths are generally not line
segments. The local Lipschitz condition guarantees absolute continuity of the cost along these
paths, and hence the applicability of the FTC.?’ In the next section, we provide a detailed sketch
of the proof, highlighting the geometric ideas behind the construction.

3.3.1 Proof Sketch

Geometry of MLRP Experiments and the Lehmann Order We begin by revisiting the geo-
metric characterization of MLRP experiments and the Lehmann order introduced by Jewitt (2007).
He considers the probability-probability (PP) plots of experiments in two ordered states. Specif-
ically, in our finite signal setup, we plot cumulative probabilities for adjacent states, e.g., the
cumulative probabilities of signal j for an experiment f under states ¢ and ¢ + 1, denoted by
szl 1 = (F/,F!,|). Observe that the slope of the line segment connecting sz 41 and szz IREE
ff:ll /1 1 Because of the MLRP, the slope is increasing, i.e., the PP plot is convex as illustrated
in Figure 2a. Equivalently, the area in [0, 1]? above the PP plot, denoted by S;(f), is a convex set.

The formal definition of S;(f) can be found in Appendix B.2.2.

20Tt would also suffice to assume that C' is continuously differentiable.
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(a) PP plot and the Lehmann order (b) Operation of shrinking S;( f)

Figure 2: Geometry of MLRP experiments and the Lehmann order

Jewitt (2007) shows that f =, ¢ if and only if for each pair of states, the PP plot of f lies
below that of ¢ as illustrated in Figure 2a. This in turn becomes equivalent to S;(f) 2 S;(g) for

all 1 <7 < n — 1, which we prove in Lemma B.1.

Path Construction For any f,g € EMLEP with f =, g, our goal is to construct a continuous
path from f to g using the split and reverse signal replacement operations. Geometrically, since
S:(f) 2 Si(g), this amounts to continuously shrinking S;(f) toward S;(g) forall 1 <i <n — 1.
A key requirement is that the PP plots must remain convex throughout the transformation, thereby
preserving the MLRP along the entire path.

We next illustrate that such a path can be constructed by iteratively applying a key operation
that (i) shrinks S;(f), (i) leaves S;/(f) unchanged for all i’ # 4, (iii) preserves the convexity of the
PP plots throughout the transformation, and (iv) decreases the cost due to the decreasing in reverse
signal replacement property.

The Key Operation Consider the PP plot of f in Figure 2b. The goal is to shrink S;(f) by
removing the region below the blue segment connecting FZJZ 41 and FZ:fl, while keeping S (f)
unchanged for all 7" # i. We show that this can be implemented through a combination of split and

reverse signal replacement operations, preserving the MLRP throughout the transformation.
First, we insert a zero column between f7*! and f/*2. By split invariance, this does not affect
j+1

the cost. Next, we use reverse signal replacements to transfer a portion of fZ;” and a portion of
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Figure 3: Shrinking Operations
fgfl into this new column. The transformation starts and ends as follows:

j+1 j+2 j+1 j+1 j+2

L0 fg N (I—a)fii aff i =7

o o e o o | =1
féz’—&—l 0 fii-i—l éi—l—l bfii—o—l (1 - b)féi—&—l

At the endpoint f , notice that for all i’ # 4, this procedure merely splits a signal—either signal

j+1(if# < 4)orsignal j+2 (if i/ > 7)—into two parts. Hence, Sy (f) remains identical to Sy (f);
geometrically, this corresponds to adding a dot along the same segment of the PP plot. For S;( f ),
the first column represents a leftward movement of a dot from FZ] i+1> and the second corresponds
to an upward movement of a dot from Ff ;Zrll, as indicated by the two blue dots in Figure 2b. The
parameters a and b are chosen such that S;( f ) aligns precisely with the blue segment connecting
Fi{i-i—l and szz—fl

Next, we detail how the incremental movements are constructed to ensure that the PP plot
remains convex throughout the procedure. The red curve in Figure 2b illustrates the PP plot of
an intermediate experiment during this process. The key is to maintain alignment of the first two
red segments so that their common slope remains no larger than that of the third segment, thus
preserving convexity. To achieve this, we construct the intermediate experiments by rotating the
first two segments together around the point £/, ;.%!

Finally, we argue that every incremental movement is a positive linear combination of reverse
signal replacements. This implies, by the decreasing-in-reverse-signal-replacement property and

the differentiability of the cost function, that the overall cost decreases throughout the operation.

2I'The aligned rotation is a convenient way to describe the construction, but it may put the path on the boundary
of the strict cross-product conditions in Definition 4. In the formal proof, this path is implemented as the limit of
arbitrarily small perturbations that make the relevant inequalities strict.
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The formal statement and proof for the key operation is given in Lemma B.2, where, importantly,
we further show that the key operation can be applied more generally to remove the region below

the segment connecting any Ff it

pand Ff .

Applying the Key Operation Finally, we use Figure 3 to illustrate how the key operation can
be applied to shrink S;(f) towards S;(g). Begin by extending the first segment of S;(g) until it
intersects the boundary of S;(f). Then, split the corresponding signal of f so that the intersection
becomes a new cumulative point as shown by the red dot in Figure 3a. This allows us to apply the
key operation to remove the region below the extended segment. Once this step is complete, we
proceed to the next segment of S;(g) and repeat the process as illustrated by Figure 3b. In this way,
we iteratively shrink S;(f) toward S;(g). Throughout the procedure, S; (f) remains unchanged
for all ¢' # 4, and the overall cost decreases. Repeating the process for each 1 < i < n — 1, we
construct a path establishing that the cost of f is greater than an experiment that has the same PP
plots as g. By splitting invariance, such an experiment shares the same cost as g, thus proving
C(f) = C(g). O

Remark 3 (Finite and continuous signal spaces). Our characterization is stated for finite ordered
signal spaces. This is a deliberate scope choice, and the finite-signal assumption also plays an
active role in the proof. In particular, the proof of the Lehmann result relies on a constructive path
argument that modifies the experiment through finitely many signal blocks while preserving the
MLRP constraint at every step. We therefore view the finite-signal analysis as a concrete first step
toward a general treatment of Lehmann monotone information costs. A full characterization for

continuous signal spaces is a natural and relevant next step, which we leave for future work.

4 Monotonicity Properties of Widely Used Costs

In this section, we apply our characterizations to several classes of information cost functions
commonly used in the literature and analyze their monotonicity properties. While the Blackwell
monotonicity of many of these classes is already known, our framework provides a unified ap-

proach to studying both Blackwell and Lehmann monotonicity.
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4.1 Likelihood Separable Costs

An information cost function C' : £ — R, is likelihood separable, a term introduced by Denti
et al. (2022b), if there exists a function 1 : [0, 1]* — R, such that, for all m and all f € &,,,

m

Cn(f) =D () — (1)

=1

To apply our characterizations, we focus on likelihood-separable costs generated by a locally Lip-
schitz and differentiable function ).

Because likelihood-separable costs are additively separable across signals, verifying decreas-
ingness under signal replacement or reverse signal replacement reduces to studying the primitive
function v. Specifically, it holds that

i -5 (50 5P

i=1

b

The relevant first-order inequality therefore depends only on the two likelihood vectors f7 and
f*. For Blackwell monotonicity, the only feasibility requirement is f/ + f¥ < 1. For Lehmann
monotonicity, the requirement is stronger: the two vectors must be valid adjacent columns of some
MLRP experiment. This requires more than the pairwise MLR order in (3). The following lemma

formalizes this additional feasibility condition.

Lemma 5. Let z,y € (0,1)" be MLR-ordered, with iy =y ©.*> The following conditions are

equivalent:

(a) y and x are neighbor monotone-likelihood-ratio ordered, written y =, g ©: that is, there

c 8MLRP

exist a, B > 0 and an experiment [- - - ax Py -- -] in which ax and By are adjacent.

(b) There exists h € (0,1)" such that, forall 1 <i <n —1,

hit1 < Tig1 < Yit1 < 1— hi+1‘ (12)
hi Z; Yi 1—hn

(c) The recursively defined sequence (h;)?, satisfies h; > 0 for all 1 < i < n, where

El = 1, Ei—i—l ‘= min {]_ - Yit (1 —EZ), $i+1ﬁi} .
Yi Ty

22We state the result on (0, 1)™ to avoid boundary cases. The same characterization extends to [0, 1]”, but the formal
statement requires several additional cases involving zero-probability entries; see Online Appendix OA.2.

21



These observations lead to the following unified necessary and sufficient conditions for the

Blackwell and Lehmann monotonicity of likelihood-separable costs.
Proposition 1. The following statements are true:
(i) A likelihood-separable cost is Blackwell monotone if and only if 1 is sublinear.”®

(ii) A likelihood-separable cost with sublinear 1) is Lehmann monotone if and only if for all

le{l,...,n}, and x,y € [0,1]" such that y =, Lr T, the following inequalities hold:

l op(z)  OY(y) " ab(y)  Ov(z)
izl(_ o oy )xigo’ and;(_ ay. | om >y"§0' (13)

We note that results similar to statement (i) have been established in Denti et al. (2022b) and
Baker (2023), but applying Theorem 3 yields a more direct proof. Specifically, to show that sub-

linear ¢) implies decreasing in signal replacement,”* observe that

C(f + efI7%) = CUf) = w(f* + ef) = (%) + (1 — &) f7) — (f7)
< @(f) — () = 0,

where the inequality follows from the sublinearity of ).

The main contribution is statement (ii), which gives an exact characterization of Lehmann
monotonicity for likelihood-separable costs. By Theorem 4, when = and y appear as adjacent
columns f7 and f7*!in an MLRP experiment, the two inequalities in (13) are precisely the reverse-
signal-replacement conditions. Since the nMLR order exactly characterizes which likelihood-
vector pairs can appear as adjacent columns of an MLRP experiment, verifying (13) for all nMLR-
ordered pairs is necessary and sufficient for 1) to generate a Lehmann monotone cost. This charac-
terization also yields a convenient sufficient condition. Because every nMLR-ordered pair is MLR-
ordered, it suffices to verify (13) on the larger class of MLR-ordered pairs. Thus, if a sublinear v
satisfies these inequalities for all MLR-ordered pairs, then the associated likelihood-separable cost
is Lehmann monotone.

For likelihood-separable costs, any sublinear function ¢/ guarantees Blackwell monotonicity,
covering many familiar examples such as norms and seminorms. L.ehmann monotonicity is more
demanding: not every sublinear ¢ satisfies the condition in Proposition 1. The next result shows,

however, that a large and natural subclass of likelihood-separable costs is Lehmann monotone.

BThatis, (y-h) =v-9(h) forall h € [0,1]" and v > 0 such that y- h € [0,1]"; and ¥ (h + h') < ¥(h) + (k)
for all h, b’ € [0, 1]™ such that h + A’ € [0,1]™.
24Permutation invariance and split invariance follow directly from the definition and the sublinearity of ).
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Proposition 2. The following statements are true:
(i) There exist likelihood-separable costs with sublinear 1) that are not Lehmann monotone.

(ii) If () is a weighted p-norm with p > 1, i.e., there exists w; > 0 for all i such that

1/p

() =Y whl|
i=1
then the likelihood-separable cost is Lehmann monotone.

4.2 Posterior Separable Costs

When a full-support prior p is given, information costs can be defined as functions of the random

posteriors induced by an experiment.?> Specifically, for any f € &£, let 77 denote the total prob-

ability of observing signal s; and let ¢’ denote the posterior distribution vector given signal s;,

1.e.,

n J

: : : i f; )

7= Zm,fiﬂ,, and ¢ = nl—z-j, fori =1,...,n.

=1 > i M [

Among such costs, a cost function is said to be posterior separable if there exists a function

H :]0,1]™ — R representing a measure of uncertainty such that, for all m and f € &,

m

Cu(f) = H(p) =Y _TH(@).

=1

It is well known that a posterior-separable cost is Blackwell monotone if and only if A is concave
(Caplin and Dean, 2015; Denti, 2022).

Notably, there is a dual relationship between posterior-separable costs with concave H and
likelihood-separable costs with sublinear .2% As a result, not all such posterior-separable costs are
Lehmann monotone. In the following, we provide a sufficient condition for Lehmann monotonicity

that is conveniently expressed in terms of the derivatives of H with respect to the posteriors.

Z3For extensive discussions on the relationship between experiment-based and posterior-based costs, see Gentzkow
and Kamenica (2014), Mensch (2018), Morris and Strack (2019), Denti et al. (2022a) and Bloedel and Zhong (2024).

26The general duality between experimental costs and posterior-based costs is established in Denti et al. (2022b):
see Corollary 20. If we restrict attention to posterior-separable or likelihood-separable costs, they have a specific dual
relationship (Proposition 37).
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Proposition 3. Suppose H is concave and differentiable. If, for alll € {1,...,n}, and q,q €
A(Q) such that ¢ = LR g, the following inequalities hold:

!
2 : aH aH (q/> E : / aH (Q) /
< L <
< (9qz aq. > 4 < 0, and ( dq. 0q; %<0, (14

=1 i=l

then the posterior-separable cost is Lehmann monotone.

Notice that (14) need not be necessary for Lehmann monotonicity of posterior-separable costs.
As the proof shows, the directional derivative under a reverse signal replacement decomposes into
two terms. The first is negative by the concavity of H, reflecting the usual loss of Blackwell infor-
mativeness. The second captures the cross-state adjustment specific to the Lehmann perturbation.
Condition (14) requires this second term to be negative on its own, and therefore provides a conve-
nient sufficient condition. It is not necessary, however, because a positive cross-state term can be
offset by the concavity term.

A well-known example of posterior-separable costs is the entropy cost (Sims, 2003), generated
by H(q) = — >, g:log ¢;. The entropy cost is often defined on strictly positive experiments, and
on this domain, H is locally Lipschitz and differentiable. Its Blackwell monotonicity is well es-

tablished, and we verify its Lehmann monotonicity using the sufficient condition in Proposition 3.

Proposition 4. The entropy cost is Lehmann monotone.

4.3 Bregman Information Costs

The entropy cost is well known to provide a rational inattention foundation for discrete choice
models taking the multinomial logit form (Matéjka and McKay, 2015). The previous section es-
tablished its Lehmann monotonicity, thereby strengthening its theoretical appeal. As a generaliza-
tion of this approach, Fosgerau et al. (2020) introduce the broader class of Bregman information
costs, showing that they can support any additive random utility discrete choice model within a
rational inattention framework. In this section, we examine the monotonicity properties of this
generalized class of costs.

Given a prior pu, the Bregman information cost is defined with respect to a function S :
[0,1]™ — [0, 1]™ as follows:

m
7j=1

n

if7 1 i log pi,
St (g (2005) =3 s

=

where f € [0, 1] denotes the i-th row of f (interpreted as a column vector), and .S;(-) is the j-th

component of S(-). Notably, the entropy cost is a special case of the Bregman cost with S(h) = h
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forall h € [0, 1]™

Because S need not be symmetric, Bregman information costs are generally not permutation
invariant and, hence, are not necessarily Blackwell monotone. For a common specification of S
corresponding to the nested logit model, we next demonstrate that the Bregman costs may violate
decreasing in signal replacement, and thus fail to satisfy both Blackwell and Lehmann monotonic-
ity, even in a local sense.

Let the signal space be partitioned into mutually exclusive nests, and let g; denote the nest
containing signal j. Consider the simplest nested logit structure, where the nesting parameter

¢ € (0, 1] is constant across all nests. In this case, the Bregman information cost takes the form:

Cu(f ZZMF <510g2 fl 7 +(1—§)log%> _Zﬂibgﬂia

7j=1 =1 =1

where 7" =35, f The derivative of this cost with respect to f] is given by

J'€g;

ac, |
o (€logq! + (1 —¢&)logg)

where ¢% denotes the posterior given observing the nest g;. Suppose for some experiment f, it
holds that ¢ = ¢* = ¢% # ¢%. Then

(VCu(f), F777) Zusz Elog gy + (1 =€) log g —Elogg] — (1—&)logq)”)

= (1-¢) Zmﬁ (log ¢/ —log ¢") > 0.
i=1
Hence, the Bregman information cost violates decreasing in signal replacement. In other words, a
signal replacement that reduces informativeness can lead to a higher information cost, showing that
the Bregman cost could fail both Blackwell and Lehmann monotonicity under a local perturbation

of the experiment.

4.4 State-wise Divergence Costs

Some recent papers in the literature such as Pomatto et al. (2023) and Bordoli and Iijima (2025)
focus on information costs that are defined in terms of statistical divergences between probability
distributions over signals across states. Specifically, let D(f;||f») denote a statistical divergence
between the probability distributions f; and f; over the signals. We say that an information cost

function is a state-wise divergence cost if it is a monotone increasing function of D( f;|| fi+) for all
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i,i' € {1,...,n}.

The Log-Likelihood Ratio (LLR) cost introduced in Pomatto et al. (2023) is a positive linear
combination of Kullback-Leibler (KL) divergences between states. Bordoli and lijima (2025)
consider both the Rényi divergence and the KL divergence across states and define costs as the
maximum of the divergences across all pairs of states. Hence, both of these costs are state-wise
divergence costs.

While our conditions may be used to verify Blackwell and Lehmann monotonicity of state-
wise divergence costs, we note that their monotonicity can be established more directly using the
properties of the divergence. A statistical divergence satisfies the data-processing inequality if the
divergence between two distributions decreases under a garbling of the signals. This property is
known to hold for many commonly used divergences, such as KL divergence, Rényi divergence,
and more generally the f-divergence (Polyanskiy and Wu, 2022). As a result, whenever the data-
processing inequality holds, the Blackwell monotonicity holds as a direct consequence of this
inequality, and the Lehmann monotonicity can be established using the Blackwell on dichotomies

characterization by Jewitt (2007).

5 Conclusion

As models of costly information acquisition become increasingly central to economic theory, so
too does the need for well-founded cost functions. The principle of monotonicity—that more
information should be more costly—is a bedrock assumption in virtually all such models. Yet,
while this principle is a key ingredient in many characterizations of cost functions, its standalone
implications, when isolated from other axioms, have been less explored. This gap in understanding
is particularly acute for the Lehmann order; despite being the natural relaxation of the Blackwell
criterion for the large class of monotone decision problems, the conditions required for Lehmann
monotonicity have remained largely unexplored.

This paper has aimed to unpack this fundamental property. By isolating monotonicity and
characterizing it through simple, local conditions, we provide a more transparent and workable
foundation for the analysis of information costs. We hope that by clarifying what monotonicity
requires on its own—and just as importantly, what it does not—our work can serve as a stepping
stone toward a broader theory of information costs beyond the Blackwell order. It offers a flexible
toolkit for researchers to construct and verify cost functions in environments where monotone
decision problems are central. By strengthening the foundations, we hope to foster more robust
and targeted applications of costly information acquisition in economics.

Several natural directions remain open. First, our characterization of Lehmann monotonicity

is developed for finite signal spaces. This provides a concrete first step toward a more general
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theory, and extending the characterization to continuous signal spaces is a natural next step. Sec-
ond, while our analysis characterizes when a cost function respects the Lehmann order, it does not
address the distinct problem of optimizing over MLRP experiments under such costs. This opti-
mization problem raises additional challenges because, as we have emphasized, the class of MLRP
experiments is generally non-convex, so standard convex-analytic tools do not directly apply. De-
veloping tractable methods for such constrained information-acquisition problems is therefore an

important and promising direction for future research.

Appendix

A Proofs for Section 2

A.1 Absolute Continuity

All results in Section 2 do not need the cost function C' to be differentiable. For any absolutely
continuous cost function C, let DTC'(f; h) denote its (one-sided) directional derivative at f € &,
in the direction of h € R", if the following limit exists:

D C(f:h) = tim ST = CU)

€l0 €
In this case, we rewrite (1) and (2) as
DYC(f;1—f) <0, and DTC(f;—f) <0. (A.1)
Similarly, (6) and (7) can be rewritten as
DTC(f;(1-fla) <0, if fi < fis; (A2)
DYC(f;(=f)=1) 0, if fi1 < fi. (A3)

Importantly, absolute continuity implies that the Fundamental Theorem of Calculus (FTC)
holds, i.e., for ¢(t) = C(tg + (1 —t)f) for ¢t € [0,1], we have C(g) — C(f) = ¢(1) — ¢(0) =
[ @'yt = [} D Cltg+ (1 —t)f;g — f)dt.
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A.2 Blackwell Monotonicity: Proof of Theorem 1

Lemma A.1. Forany f,g € & such that f =g g, there exists 1 > a > b > 0 such that either
g=af+b(1—f) or 1—g=af+b1-/[). (A4)
Let g satisfy the first equation of (A.4) and f' = %=2 > Then, for all X € [0,1],

[ (=N f+\'">=p [ and (A.5)
= (1=Nf"+Xg>=pg. (A.6)

Proof of Lemma A.1. Recall that f =p ¢ implies that there exist (a,b) € [0,1]? such that g =
af +b(1— f). If a > b, the first equation of (A.4) holds. If a < b,notice1 —g=a'f + V(1 — f)
fora’ =1—a>1-b=V.

Whenb =1,a=1andg = f+(1—f) = 1 = f’, thus, (A.6) holds. Notice that (1—\) f+ A1 =
1-f+ M1 —f) € PARL(f,1— f), thus, f =5 (1 — \)f + AL. Similarly, (1 — \)f + A1 =5 1,
thus, (A.5) holds.

Whenb < 1, f =5 f’ and let y denote =2 € [0,1]. Forany A € [0,1], f =p Af + (1 = A)f’

follows from the convexity of PARL(f,1 — f). Next, notice that f = 1—A7+M<<1 —Nf+Af).
Since ;- € [0, 1], we have f* € PARL(((1 = A)f + Af'), 1 = ((1 = A)f + Af’)), and thus

(L=Nf+Af =5 [
From g = af +6(1 = f). g = vf+b(1—~f) = f/ +b(1 = f). Thus /' =p g and
g—f =b(1 - f). Similarly, f' =5 (1= \)f' +Ag =5 g. -

Proof of Theorem 1. Necessity is proved in the main text.

For sufficiency, take any f > p g. First, permute g if needed to have g satisfy the first equation
of (A.4). Permutation invariance ensures the cost stays the same. Define ¢ (\) = C((1=\) f+Af")
and p2(A) = C((1 — A)f' + Ag). Absolute continuity implies that ¢, is differentiable almost
everywhere, and satisfies ¢ () :17?+C((1 —Nf+ A5 —f+ f'), when it is differentiable. On
the other hand, —f + f' = —ﬁ((l — A)f + Af’). Therefore, ©}(\) has the same sign as
DYFC((1=Nf+Af;—((1—=XN)f+Af")) and is negative by (A.1). By the FTC, C(f") = ¢1(1) =
21(0) + Jy AiNdA < @1(0) = C(f).

Similarly, observe that ¢4(X\) = DTC((1 = A\)f' + Ag;—f' +g)and —f' + g =01 — f') =
255 (1= ((1 = A)f" + Ag)). Then, 4()) is non-positive since it has the same sign as D™C/((1 —
A+ Agi1 = (1= A)f" + Ag)). By applying the FTC, C(g) = ¢2(1) < ¢2(0) = C(f').
Therefore, C'(g) < C(f). O

2"When b = 1, define f’ = 1.
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slope : % slope : -

1-gi
f

slope :
P 17, slope : 1:—‘;{?

1 2y 1 2y
@ fi < g (b) fi > gi

Figure 4: The graphs of F~(G(y|w;)|w;)

A.3 Lehmann Monotonicity

Proof of Lemma 2. Note that fory € [0,1] and 1 < i < n,

1—-gi ; 1-fi

o Galon) = I VST
v 14 Q=gdy=0-fi) e < 1=fi

T i » 1y = 1-gi°

Additionally, if y € (1, 2],

1—gi  giy=1) fi
~ ~ 7.+ —f 1fy§2__7
FH(Gylw)|w) = ¢ _(2_1)f2 “
92— gi Yy

2, Hy>2—£.

In particular, when f; < g;, as illustrated in Figure 4a, F~'(G/(-|w;)|w;) is composed of three

line segments connecting the vertices (0,0), (1, i:—fﬁ), (2 — §7 1) and (2,2). The curve passes

through the lower-right unit square defined by coordinates (1,0) and (2, 1).
When f; > g;, as illustrated in Figure 4b, F'~'(G/(-|w;)|w;) is composed of three line segments

connecting (0, 0), (}:5?, 1), (1,2 — %) and (2,2). The curve passes through the upper-left unit

square defined by coordinates (0, 1) and (1, 2).

Notice that the slope of the first line segment is t—? and that of the last line segment is “}’—

The middle line segment is determined by the intersections of these lines and the lower-right or

upper-left unit squares.
Using this property, we can see that '~ (G(y|w;)|w;) < F~1(G(y|wis1)|wiyr) forally € [0, 2]
if and only if the slopes of the first and last line segments under w;, are steeper than those under

w;, which is equivalent to condition (5). ]
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Proof of Lemma 3. Consider any f € EMLEP and 1 < [ < n such that f; < f;,1. Define € =
fll%;lfl € (0, 1], then we have f,+¢€'-(1— f;) = fi11. Forany e € (0, €], let g denote f+e-(1— f)<.
Then,
g Jr-etrs i<t
fi 1, ifi>1.
Since f; is increasing in i, % is decreasing in 7. Also note that

1—g; 1—¢, ifi<lI,
1—f; 1, ifi> 1.

This implies that

}:5’{: is increasing in i, i.e., (5) holds for all 1 < i < n — 1. Therefore, f >, g by
Lemma 2.
Next, consider an experiment f € EJLEP and 1 < | < n such that f;_; < f; and define

e = % Let g denote f + ¢ - (—f)>;. Then,

Gi 1, if71 < l,

fi 1—e ifi>1,

thus, £ is decreasing in 7. Also note that

k3

1—g; 1, ifi <,
1—f; - . p
f 1 —+ 1—_fi’ le Z l
Since 1 — f; is decreasing in ¢, thus, t?ﬁ is increasing in ¢. Thus, f >, g by Lemma 2. [

Proof of Theorem 2. We first state and prove a useful lemma.

Lemma A.2. Suppose that f,g € EMIEP and f =1 g. Then, there exist 0 < k < mn, 1 > ¢ >
o> >0andl > €, > - > €xy1 > 0 such that

1_€i

1 —9i,9:] =1 - fi, fil [ 0 6{] , when1 <1 <k, (A7)

1

[1—gi9)=1[1-fi fi [ ],Whenk+1§i§n. (A.8)
€; — €;

Proof of Lemma A.2. Define k = max ({i : ¢g; > fi} U{0}). For1 <i < k,sete; =1 — }:—3’:

Then, (A.7) holds by definition. Additionally, by f >, ¢ and Lemma 2, ti is increasing in ¢,
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thus, ¢; is decreasing in ¢. Last, by the definition of £, ¢, > 0. Next, for £k + 1 < 7 < n, set
€ =1— ?— Then, (A.8) holds by definition. By f >, ¢ and Lemma 2, j’: is decreasing in ¢, thus,
€; 1s increasing in ¢. By the definition of %, €, > 0. [

Suppose that f =, g, k = max ({¢ : ¢; > fi} U{0}), and (¢;)?_, is defined from Lemma A.2.
Lete; = S+ forall1 <¢ < k — 1, e, = €. Then, we have

1—e;41
1—¢ ¢ B 1—e, e 1—e; ¢
o 1| | o 1 0 1|

Likewise, let e;41 = €41 and ¢; = S=—"= + forall k 42 < i < n. Then, we also have

o] 1 o 10 10
6 1—e|  lew 1—ep| [enra 1—epyo e; 1—ei|

Using these, define h* = f + e, - (1 — f)<p, and for 1 < i < k — 1, define h = hitl +¢; -
(1 — h**1).;. Then, from (A.2) and the FTC, we have C(f) > C(h*) > --- > C(h'). Next, define
¥ =kl +epry - (—hY)sii1, and for k + 2 < ¢ < n, define hP = hi™! +¢; - (—h*1)>;. Then,
from (A.3) and the FTC, we have C'(ht) > C(h**1) > ... > C(h"). From h™ = g, we have
C(f) > Clg). u

B Proofs for Section 3

B.1 Blackwell Monotonicity

Proof of Theorem 3. Suppose that f € &, g € &,» and f >p g, i.e., there exists an m x m’
stochastic matrix M such that g = fM. Note that for any 1 < k < m/, ¢¥ = YoM ¥ f7, and
221:11 M} = 1. Define ¢ : [0,1] = Eppny as ¢(t) = [(1 —t)f tg] By split invariance and
permutation invariance, we have C'(f) = C(¢(0)) and C(g) = C(¢(1)).

For ¢t € (0,1), observe that from g = fM,

, j-th column m+k-th column
m m A A~
¢'(t) = [ ]ZZZM o --- —f? 17 ..o 0
7j=1 k=1
m m
— Z )j—>m+k.
7j=1 k=1
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Let C},, 1,y denote the restriction of C' to &,, 1, Then, we have

C0(6(1) = (Vo (0 ZZ = 9 G (6(1)) 6(0)) <0,

J=1 k=1

where the inequality follows from M} > 0 and (VCpim (6(2)), #(t)77™*) < 0 holds by de-
creasing in signal replacement. Therefore, by FTC, C'(g) = C'(¢(1)) C(gb(O))—l—fO1 LC(o(t))dt <
C(9(0)) = C(f) 0

B.2 Lehmann Monotonicity
B.2.1 Non-Convexity of the MLRP set

In this section, we show that the set of MLRP experiments, £ R is not convex by providing a
pair of experiments such that both experiments satisfy the MLRP, while a convex combination of
them does not.

Let n = 3 and define f, g € EMLEP:

0.04 0.36 0.60 0.60 0.04 0.36
f=10.02 0.18 0.80 and ¢g= {040 0.06 0.54
0.02 0.18 0.80 0.40 0.06 0.54

Observe that f and g satisfy the MLRP. Let h be the average of f and g:

0.32 0.20 0.48

1, 1
h=5f+59=1021 012 067
0.21 0.12 0.67

The combined experiment h fails to satisfy the MLRP: consider the likelihood ratio for ws vs. wy.

21 12 67

32 2 S

Therefore, the set of MLRP experiments is not convex.

B.2.2 Geometric Characterization of the Lehmann Order

EMLEP " \e begin by defining a continuous experiment f : Q —

Given an experiment f €
A([0,m]) associated with f as in the binary setup. For any w; € Q and x € [0, m], the cu-

mulative distribution of f is F(z|w;) = F\™ + (z — [z]) - £/, Note that F(0lw) = 0 and
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F(m|w) = 1forall w € Q. Then, for all f € EMLRP define

mﬁz{@wemgﬁzﬁﬂwmgzﬁﬂmM&. (B.1)

Lemma B.1 (Jewitt (2007)). Suppose that f,g € EMERP f =, g is equivalent to S;(g) C S;(f)
foralll <i<n-—1.

Proof of Lemma B.1. For any = € [0, 1], the y-coordinate of the lower boundary points for S;(f)
and S;(g) are F(F~(2|w;)|wis1) and G(G~ (x|w;)|wis1). Therefore, S;(g) C S,(f) is equivalent
to G(G ' (z|w;)|wit1) > F(F~'(x|w;)|wisr) for all z € [0,1]. Substituting in 2 = G(y|w;) and
applying F'~'(-|w;41) to both sides yields F~ (G (y|wis1)|wis1) > F(G(y|w;)|w;). Therefore,
Si(g) C Sy(f) forall 1 < i < n — 1 is equivalent to F~(G(y|w;)|w;) is increasing in 4, i.e., f is

Lehmann more informative than g. [

Proof of Lemma 4. Suppose that f € EMERP and f/ f/1' > f/, f/™" for some [ and j. Let
J pd+1_ i+l g . .

= S oI i ¢ (1), where we f2,, = 0and f7*! = 1. Then forall € € [0,¢], f' =
F T+

f+e f%fj 1 e EMLREP T see this, notice € is chosen such that the MLRP holds with equality for
the [-th and (I + 1)-th row for f + ¢ %f] *1 and the MLRP for all other pairs of states and signals
are preserved under this operation.

We next show f >, f—i—ef%?jﬂ. Note that forany i > [, f; = f!. Therefore, F~1(F"(y|w;)|w;) =
y foralli > [ and y € [0, m]. Next, consider the case with i < [.

Ify<j—1lory>j+1, F’(y\wi) = F(y[wi), or equivalently, F‘l(ﬁ’(ylwiﬂwi) =y, thus,
F~Y(F'(y|w;)|w;) is constant across i in this case.

Ifj—1<y<j, Fylw) = F(G = Uwi) + (y =5 + DL =€) f], thus, F~H(F(y|w;)|w;) =
(j—De+y(l —e) <y, ie., F1(F'(y|w;)|w) is increasing in i.

Ifj<y<j+1, Flyw) = FG —lw) + (1 —e)f] + (y — j)(ef] + fI7). Define

L; = f/*'/f], then L; is increasing in i.

. j—e+y—Jg)e+ L), ifj<y<j+ =%,
F=HF (y|w;)|ws) = i

y—(+1-y)r, ifj+ 57 <y<j+1,

or equivalently, (" (y|w;)|w;) = max{j — e+ (y — j)(e + Li),y — (j + 1 — y)1-}. Since
both functions are increasing in L;, F'~'(F'(y|w;)|w;) is increasing for i < I. Additionally, for
J<y<jtagey>i>j—et(y—j)(etLi),andfor j+ % <y <j+ly>y—(i+1-y)f.
Since F'~'(F'(y|w;)|w;) = y for i > I, F~(F'(y|w;)|w;) is (weakly) increasing in i.

: r_ J—j—1 " __ T i [
The case with f' = f 4 €2, where ¢’ = “=L L =L
= TR+

€ (0, 1] is analogous. O
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Figure 5: Operations of shrinking S;(f)

B.2.3 Proof of Theorem 4

Lemma B.2. Suppose C : EMERP

— R is Lipschitz, differentiable, split invariant, and decreas-
ing in reverse signal replacement. For any f € EMLRY 1 < i <nand1 < j+1 <k < m, there
exists f € EMLRE sych that (i) C(f) > C(f); (ii) Su(f) = Su(f) for all i' # i; and (iii) S; i f)

is obtained from S;(f) by removing the region below the line segment connecting the points F?

4,04+1
and F i1

Proof of Lemma B.2. Define Si(p) = Y7, f/*° and Siy1(p) = 3P, f77. First, consider the
”1(2) > S otherwise, F F/FL and F] |, are

Si(2) Si(1) ° 1,54+1> * g+l
already aligned, making this case trivial. Our goal is to construct a series of MLRP experiments,

case where £ = j + 2. Assume that

obtained through combinations of reverse signal replacements, that ultimately remove the region

below the segment connecting FZ 41 and FZJ :;1’ as shown by the black arrows in Figure 5.

Define I, = (1 —t) - ”(1()1) +t- ”E()). Note that the slopes of F/,  F/ ! and F/,  F/2

correspond to [y and [y, respectively. Define ¢ : [0, 1] — &,,41 as follows:

(1 —ay)f2 ]H a ]H 52—#
)

fj+3
1 2 0 +2
+fi—:+1 +btfg_+1 (1 - bt) fg_-H

)= 1. f,

J+1, pj+1
e A . and by = ”2 7 fﬂ“ - f}}} Let ®(t) denote the cumulative distributions

of ¢(t): d(t)! = S°'_, #(t)". Note that ®(t)) = FJ and ®(t)/+3 = FI T2,
The transformation ¢(t) splits signal j + 1 in states i’ < 4, and splits signal j + 2 in states
i" > 4. Thus, for any ¢/ # i, Sy(é(t)) = Si(f). For S;(¢(t)), intuitively speaking, ¢(t)

where a; = 1 —
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represents a rotation of FZJZ +1E{;Sr11 around FZJZ 41, with the slope being [;. In the process, it

splits the signal j + 1 into two parts. Specifically, observe that ay = by = 0, thus, ¢(0) =
[fY, -, fAFH 0, %2 ... fm] ~p f. Then ®(t )‘Zﬁl is the intersection of the line through FZJHl

with slope /; and the horizontal line through F ::1, while (¢ )Z i+1 18 its intersection with the verti-

cal line through F +1,. That is, the likelihood ratios for gb(t)ﬁil and ¢(t)ﬁf1 are equal to [;, while

that for ¢(t)] 1}, is greater than or equal to I;. Therefore, ¢(t) € EMEEP for all t € [0,1]. Last,
when ¢ = 1, [, corresponds to the slope of Ejlﬂﬂj;fl, i.e., S;(¢(1)) is obtained from S;(f) by
removing the region below Ffl ol Ry

The path ¢ is a convenient way to illustrate the construction, but the formal argument imple-
ments it through a small perturbation: because ¢ keeps the first two active slopes aligned, the
relevant cross-product inequality in Definition 4 holds with equality. We perturb b; so that the
middle slope becomes a strict convex combination of the first and third slopes. This perturbation
preserves S; for all i’ # i and makes the active slopes strictly increasing, so the relevant cross-
product inequalities hold strictly at every interior ¢. Since the perturbed path has compact image
and (), is locally Lipschitz and differentiable, C),, 1 o ¢ is absolutely continuous and the FTC
applies along the path. In what follows, we apply the FTC to the original path, with the argument
understood as the limit of the corresponding argument for these perturbed paths as the perturbation

vanishes.?

J+1 J+1
Since a; = l/2f . <SS+(12()2 ) S+(l()1 )) > 0 and bt ;ZH . <SS+(12()2 ) _ SS+(11()1 )> > 0, decreas-
i+1

ing in reverse signal replacement implies

d IC i1 aCerl i+1 IC 11 aCerl 12
Ol Zat <_ h],“ hﬂ”)f ot Z (- onst o ) I

i'=1 i/ =i+1

by
1—b

ay

ST < 0.7

=(VCyni1(0(1)), ST 4 (VO (8(1)),

1— ay
Therefore, C(¢(1)) = Crns1(6(0)) + [i L Coi1 (3(1))dt < Crnyr (6(0)) = C(f).

Next, we prove the case for k =7+ 3. Usmg the argument from the k£ = j + 2 case, we can
remove the region below FZJZ +1FZJZ++21 and let f’ e EMEEP denote the corresponding experiment.

We consider two subcases: (i) ~¢ 1“(2) > g+(13) ; (i1) g+(11()2) < :9+(1§’).

BIf C,,41 is continuously differentiable, this perturbation step can be replaced by a direct continuity argument.
2Here, we use h to distinguish from the original experiment f.
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In the first case, define [, = (1 — ) - 1“(2) +t- ”1( ). Also define ¢ : [0,1] — EMLRP:

Si(2) Si(3) m+2
(1%, ifk <7,
(1—az) JH‘*‘fijip ifk=j+1,
ab LN+ b ALTE ifk=3j4+2,
¢ (1) =4 (L—a) fI2 4+ (L - b2, itk =j+3, (B.2)
a3 fL1? +btf§jj’1, ifh=j+4,
-, if k=j+5,
fH, if k=j+6,

It
p € {1,2}. This series of experiments is illustrated by the red arrows in Figure 5a. ¢(t) is

constructed by rotating the black dashed line through FZJ i+1 With slope l;; the MLRP holds.
Note that ¢(0) is Blackwell equivalent to f’ and ¢(1) corresponds to the experiment after

removing the region below FfZ HFj;fl, i.e., (1) = f. Using the MLRP of f and S§+(11()2 ) > ”éf ),

one can verify that 1 > af > 0and 1 > b7 > 0. Both a, and b, are nonnegative. Then, we apply

the same argument as in k = j + 2 to establish that C(f) > C(f') > C(¢(1)) = C(f).

Now we consider the case where > A (1()2 ) < 8 ’*Eé)) The operation here takes two steps. We first

where af = 1 — fjﬂp : <S+—1(p) - Si(p— 1)> and b} = fﬁpﬂ : <lt Si(p )—Si+1(p)> for all

keep rotating the black dashed line in Figure 5b until it reaches the point where the slope is equal to
S”(ll() ) , 1.e., the intersection of the two red arrows. Formally, define lt =(1-1t)- “L(l ()2 ) +t- *21()2 )
and ¢ : [0,1] — EMLEP using (B.2) and the definitions of a? and b} with modified /. With the

same argument as in the previous cases, it can be shown that C'(f) > C'(¢(1)).

Next, we keep rotating the black dashed line as indicated by the blue arrows in Figure 5b.

Formally, define [, = (1 —t) - ”(1()) +1- g(l?f)) Then, consider a function ¢ : [0, 1] — EMLEP

as follows:

Fi if k < j,

A —ab)f + 0, ifk=j+1,

(af —a})fL" + fL20, ifk=j+2,

oM (1) = aFfL + AL ifk=7j+3, (B.3)
T2 0 — 0L, ifk=j+4,

”*3 +( =T, ifk=j+5,

ka, ifk=j+6,

where af = 1 — w and b = L5l _flj)gsl’“@). Since ¢(t) is constructed using the line
t i+1

through Ff i1 With slope l;, the MLRP holds. Additionally, ¢(0) is Blackwell equivalent to ¢(1)
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and $(1) corresponds to f—the experiment such that S;(f) is obtained from S;(f) by removing
the region below the line segment connecting sz i 7 jf’l

The path qg is likewise a convenient way to illustrate the construction, and the formal argument
uses the same perturbation idea. Since several active PP slopes are kept equal to I, we perturb
al,a? b?,b? so that the intermediate active PP slopes become strict convex combinations of the
first and last active slopes, with strictly increasing weights. This preserves S; for all i’ # i and
makes the relevant cross-product inequalities strict at every interior .

Note that 1 > a! > a2 > 0,1 > b? > b2 > 0 and a?, 0¥ > 0. Again, by decreasing in reverse

signal replacement, we have

d . . 0Cnsz | OCm> . OCmss  OC 4o .
£0m+2<¢<t)) :Zatl <_ ah]"Jrl ahj+2 ) fJJr + Z B athrQ + athrB fJ+
=1 il il

~ 2 (_2C oC. ac. aC,
2 m+2 m+2 i+3 3 m--2 2 13
+z‘/:zz'+1bt (_ 8h4+4 3h]+3 > & +z/—zz+1b (_ 8hz/+5 * 3h]+4 > fi
-2
- a o s
:<ch+27 1¢( )]+1 j+2> <V0m+27 a t a2¢(t)g2 J+3>
t
3
by

b Y —J
(VCnia, g SOLT ) + (VO 7oL < 0.

Using FTC, we have C(f) = C($(1)) < C($(0)) = C(¢(1)) < C(f') < C(f).
Finally, we argue that these arguments apply to all & > j + 3. As illustrated, the key is to

construct a series of MLRP experiments by rotating the line through Ff ;+1 until it reaches a point

7+1 j+2
anh

is encountered, we have shown ways to further split that point into two parts, thus allowing us to

like FJZ "1 (as in case (i) above), or (F} ) (as in case (ii) above). Whenever such a point
continue the rotation until it reaches the point £} %41+ At the end of this process, we obtain a new
experiment f € EMERP such that S;(f) is obtained from S;(f) by removing the region below the
,and FF O

line segment connecting F i1

1,04

Proof of Theorem 4. Consider two experiments f, g € EMLEP with f = g, thatis, S;(g) C Si(f)
forall 1 < ¢ <mn — 1. Our goal is to show that C(f) > C(g).

We begin by extending the line segment G—G12 in S;(g) until it intersects the boundary of
S1(f). We can construct an experiment f’ that is Blackwell equivalent to f and includes this
intersection. Specifically, if the intersection lies on F{fglF{fz, we can split the k-th signal of f so
that the new k-th cumulative point (F” )’f , matches the intersection. Then, by Lemma B.2, we can
remove the region below G »G1 5 from Sy (f), and reduce the cost at the same time.

This procedure can be apphed iteratively along each segment G G] lforl < j<m-—1.

The resulting experiment, f, has a lower cost and satisfies S;(f) = Sl(g). Repeating this for
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S,,---,S,_1, we obtain an experiment f that has a lower cost than f and has the same S; as ¢ for
all 1 <7 <n —1. Then by Lemma B.1, we have7 ~5 g.

It remains to note that two finite MLRP experiments with the same PP plots can be refined to
the same experiment by splitting signals. Indeed, take the union of their cumulative points and split
each signal at the corresponding cumulative points. Equality of all adjacent PP plots implies that
these refinements assign the same probability vector to each refined signal. Hence the two refined

experiments are identical, and split invariance gives equal cost. 0

C Proof for Section 4

Proof of Lemma 5. [(a)= (b)] Suppose that E = [¢! - -- "L ax By 2. .. em] € EMLEP From
the MLRP,

1 k—1 k+2 m
€; e aTiiq 1€ el
R < Pvim o< 2L
€; €; oaT; Byi €; €;

foralll1 <i<n-—1.

Define h := e +---+e*! +ax. Then, we have 1 — h = Sy +e**2 4. .. 4+ ¢e™. Consequently,
the inequalities in (12) hold forall 1 <7 <n — 1.
[(b) = (a)] Define o := min{hy/x1, -+ ,h,/x,}/2 and f := min{(1 — hy)/y1, -+, (1 —
hy)/yn}/2. Note that e} := h; — ax; > 0and e} := (1 — h;) — By; > 0forall 1 <i<n-—1.
Also note that

6zl+1 < QTit1 < BYit1 < 6?+1_
e; T am By — e
Thus, E = [e! ax By e'] satisfies the MLRP.

[(b) = (¢)] Note that (12) implies

hi+1 S Tit1 hz and hi—l—l S 1-— Yit1 (1 - hz) (Cl)
L Yi
Note that the right-hand sides of both inequalities are increasing in h;. Using h; < 1 = hy, we can
inductively show that h; < h;forall1 < i < n. From h; > 0forall 1 <i < n, we have h; > 0
forall1 <7 <n.

[(c) = (b)] Set h; =1 —€eand h;y; = min{l — %(1 — h;), Z£Lh, b If € is small enough, h; will

T

be close enough to E. Thus, by choosing a small enough ¢, we can ensure h; > Oforall 1 < i < n.
Additionally, h; is constructed to satisfy (12). [

Proof of Proposition 1. (i) Sufficiency is proved in the main text. For necessity, suppose C' is
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likelihood separable. First, fix any f € [0, 1]™. For any k € N, consider the following experiments,

f=[f 00 1-fledin and g=[Lf o 1] €

It is straightforward to establish that f > g =p f. Thus, Blackwell monotonicity implies C(f) =
C(g). Then it holds that (%f) =z (f). Next, for any ¢ € N such that £f € [0,1]". Consider

the following experiments,
f= [Ef 1—£ﬂ €&, and g=|f - f 1—£f] €&

By the same argument, Blackwell monotonicity implies that C(f) = C(g), thus, (f) = (o (f).
Together it implies that, for all f € [0,1]", for all z € Q such that zf € [0,1]", ¥(zf) = 2(f).
By the density of Q in R and the continuity of ¢(-), we have positive homogeneity of ¢ over [0, 1]™.

Next, we show subadditivity. Consider the following experiments,
f=[f g 1-f-i|e& ad g=[frg 1-j-g|lee

As g is obtained by merging the first two signals in f, we have f >p g. Thus, Blackwell mono-
tonicity implies that C'(f) > C(g), and thus sublinearity of ) holds.
(ii) For necessity, for any y >~,a.r «, Lemma 5 ensures the existence of f € £ MLRP gych that
f7 = azand f*! = By. From the sublinearity, ¢)(f7)/0f) = Ot(x)/0x; and Db (fi+1) /of) T =
0v(y)/0y;. Thus, applying decreasing in reverse signal replacement to this f implies (13).

For sufficiency, sublinearity implies split invariant, and (13) for any y =,z = implies de-

creasing in reverse signal replacement. Therefore, by Theorem 4, C' is Lehmann monotone. [

Proof of Proposition 2. (i) Consider the function v)(h) = v/ hTAh. It is sublinear when A is sym-

metric and positive semi-definite. Consider the following A:

10 10 10
A= (10 20 10
10 10 20

Its eigenvalues are approximately (37.3, 10, 2.7), thus it is positive definite. Let

78 1 .1 .02
f=12 3 4 .1|¢c&MiP
05 .1 .3 .55



Then (VC(f), f27%) = (-%f’j) + 81” f3 ) f? > 0.0008 > 0, i.e., the likelihood-separable cost
- 1

function with this ¢ does not satisfy decreasmg in reverse signal replacement, and thus is not
Lehmann monotone.
(i) Let ¢(h) = (37, w;h?)"/? with p > 1. The function ¢ is locally Lipschitz on [0,1]" and
differentiable on [0, 1] \ {0}. The non-differentiability at the zero vector does not affect the path
argument in the proof of Theorem 4. After deleting null signals, any zero column introduced by
the construction appears only at endpoints of the constructed paths, and hence does not affect the
application of the FTC along those paths.

It is therefore enough to verify the reverse-signal-replacement inequalities for non-zero MLR-

ordered likelihood vectors. For any such h <y, r b’ and any [ € {1,...,n}, we have

! " ! A 1
2 (agh]’l ag}g@) hi=2 ( " wl(hz? e D/p  (yn thZp (pl)/p> s
i=1 g o1 \ (D ey wi(R))P) (Diey wihy)

22:1 w;(hy)P~ " hy Zé:l w;

(i wi ) =07 (S i)

This is negative if and only if

(Z wi(h;)plhi> (Z wﬂzﬁ’) < <Z wihf) (Z wi(hg)”> :

Then by Holder’s inequality with weights (Theorem 4.7.2 in Casella and Berger (2002)), we have

(Zwi(h;)p_lhi> < (Zwi(h;)p> (Zwihf)

Thus, it suffices to show that

By subtracting the common term (Zézl wi(h;)p> <Z§:1 wi(hi)p> , We can rewrite it as

(sz(h;>p> (Z wihf) < (Zwﬂzﬁ’) (Z wi(hg)P> .

This inequality holds since hjhy < hihj, for any k < [ and ¥’ > [ + 1, whenever h <y .

The other condition can be shown similarly. 0
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Proof of Proposition 3. Fix any full-support prior . and notice that if f € EMEEF then ¢! =15
¢’ for all j. Thus, it suffices to show that the condition in Proposition 3 implies decreasing in

reverse signal replacement. For a posterior-separable cost C, given some H, we have

aC L —O0H(¢) o,
“(jf) = —wH () =7 ) # el
of; - Ogy  Of;
Then we can further derive:
oqf w  wfl  0d  if]

of M@ ap T T myr
and that

JamOH() g i (OH(E) (i pf OH(¢) [ paf)
Ry raltT < o0 (‘ ’“(ﬂ)?)*%; od, (‘“(w‘)?))
0H (q
— i Py 3

(2

Thus, for any j and [, substituting in the above expressions yields

: _ 9 l OH ()
G TR L ( 1) - Y qf“)) pof?

=1 = i/
OH(¢’) 3H(qj+1)) ;

T i
Z( oq! ag )

Note that the first term is negative from concavity of / and the second term is negative from

the condition in the proposition. Thus, (10) holds for any 7 and /. A similar argument shows (11)
also holds for all j and /. O

Proof of Proposition 4. For the entropy cost, we have

OH(d? .
E ¢/ logq, and (¢') = —logq — 1.
o

i
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Then for any [ and ¢ <,z ¢!, we have
OH(¢) OH(¢") ) ,
/ 10 —log ¢’
; ¢ ( o0 o Z ¢/ (log g/ —log )

l n
= ¢/ (logg/™" —logq/) + (Z qf‘) <10g > @' —log ) qif)
=1

i=l+1 i=l+1 i=l+1

- (Zn: qf) (log Zn: g/ —log Z q”1>

i=l+1 i=l+1 i=l+1

Observe that the sum of the first and second term is negative because

Lo J.'
i=1 i

i=l+1 i= l+1 7,

by 7 ¢ =3 ¢/*! = 1 and the concavity of log function. The third term is negative from

S g >l as ¢ <wrr ¢t implies g; first-order stochastic dominates ¢/+!. The
other condition follows similarly. 0
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Online Appendix for
““On the Monotonicity of Information Costs”

Xiaoyu Cheng Yonggyun Kim

OA.1 Additional Results on Blackwell Monotonicity

OA.1.1 Blackwell Monotonicity with Binary States and Signals

When both the state and signal are binary, additional geometric insights can be drawn to provide
further characterizations of Blackwell monotonicity. Given permutation invariance, it is without

loss to focus on the following set of experiments:

E={(fi,fo) :0< fi < o<1}

For any f,g € &,, from the parallelogram in Figure 1b, notice that f > ¢ if and only if the
slope of AB for f is steeper than that for g, and the slope of AD for f is shallower than that for g.
In other words, f >p ¢ if and only if

1- 1-
o® holzo

= > . (OA.1.1)
fi g1 1—fy 1—go

Leta = % and § = }:g .I The simple fact above yields the following characterization of Black-

well monotonicity which does not require any additional assumption on C'.

Proposition OA.1. C : & — R is Blackwell monotone if and only if C (%, aoggj)) is in-

creasing in o and f.

In other words, by a change of variables, Blackwell monotonicity in the binary-binary case is

equivalent to the monotonicity of the function C (o, ) =C ( 0636:11 , O‘ég:?) in both variables.

Next, we provide examples of cost functions that can be verified easily using Proposition OA.1.

Example OA.1. Consider two information cost functions defined over Ey

2
o= (1) (1-122), atm=RETE o

"Let2/0 = +oo forall z > 0and 0/0 = 1.




By using the definition of C, we have

Ci(e, B) = (a — 1)? (1-%), C’g(a,ﬁ)E%—l.

Then, from o, 5 > 1, C is increasing in both « and 3, whereas C, is not increasing in (3. There-

fore, it follows that C is Blackwell monotone, but C5 is not.

Next, when C'is differentiable at f, (1) and (2) can be rewritten as follows:

Lo 80/8f1> 1—f 2

zZ = = (OA.1.2)
fi 9C/0f 1—f
~— ———— ——
the slope of AB the slope of the slope of AD

the isocost curve

The slope of the isocost curve can be considered as the marginal rate of information transformation
(MRIT). Thus, this inequality says that the MRIT of a Blackwell monotone cost function should
fall between the two likelihood ratios provided by the experiment.

The next example illustrates verifying Blackwell monotonicity using the marginal rate of in-

formation transformation described in (OA.1.2).

Example OA.2. Consider two information cost functions defined over Ex:

Cs(f1, f2) = (f2 — f1)%, Ci(f1, f2) = fo — 2f1.

Notice that 0C, /0 9C, /o

3 1 4 1
St TR R} MRIT, = — =221 _ o
0Cs/0f T 0C,0f
Then, for C3, (OA.1.2) holds all (f1, f2) € &,, but not so for C}, e.g., when f; = .5 and f, = .6.

Therefore, C5 is Blackwell monotone, but C} is not.

MRIT; = —

OA.1.2 The Parallelogram Hull Characterization of Blackwell Order

Lemma 1 characterizes the Blackwell lower set of a binary experiment as its parallelogram hull.
The following result extends this characterization to experiments with arbitrary finite signal spaces
and this may be of independent interest. It shows, in particular, that the extreme directions of

Blackwell informativeness reduction are precisely signal replacements.

2With some algebra, we can show that fo > f7 and (1) and (2) imply g—g >0> g—g.



Lemma OA.1.1. Forany f,g € &, f =5 g if and only if
g—fe{ii&@:&GWJMUEwHﬁ%Hk#ﬁLW}, (OA.1.3)
j=1
where co(+) denote the convex hull. In other words, the Blackwell lower set of [ is given by
Sp(f) = {f+ i)\jhj 2y € [0,1],hy € co({ 775 1 k #j}),vj} :
j=1

Proof of Lemma OA.1.1. If f >=p g, then there exists a stochastic matrix M € M,, such that
g = fM. Then, we have

g—f=f(M-1I
-m% -1 mi
= [fl fm} :
m} my. — 1
=D heg ] my"
= [fl fm} :
- oml, S mk,

J=1 k#j

with m;? >0and >, m;? = 1 for all j. For each j, let \; := 37, . m?. If \; > 0, define

k
mk
m:}}ﬁﬁ%.
k#j Y

If \; = 0, choose any h; € co({f'7* : k # j}). Then \; € [0,1], h; € co({f77* : k # j}), and
g— =211 A\jhy.

Conversely, suppose g — f = > 7", Ajh; with A; € [0, 1] and h; € co({f77% . k # j}) for all
j. For each j, choose weights (4})x»; such that pff > 0,37, pf = 1,and hy = 30, . pf f77F.
Define M = (m¥) by setting m* = X% for k # j and m’ = 1 — A;. Then, M is stochastic and

J=1 k#j



Thus,g = fM and f =5 g. ]

OA.1.3 Blackwell Monotonicity with Bounded Signal Spaces

In this section, we explore Blackwell monotonicity in the case where experiments are limited to a
maximum number of signals. Specifically, we consider a cost function C' : &,, — R, for a given
m, where experiments with fewer than m signals are embedded in &, by adding zero columns.

Under this restriction, split invariance is no longer relevant, as splitting an experiment would
place it outside of the domain. Permutation invariance and decreasing in signal replacement remain
necessary conditions for Blackwell monotonicity.

The key step in establishing sufficiency for Blackwell monotonicity in Theorems 1 and 3 is to
construct a decreasing path connecting any f > g. For &, we were able to construct such a path
within & itself, whereas for £, we relied on split invariance and introduced additional signals to
construct the path.

However, when the number of signals is bounded by some m > 2, such a path within the space

& does not always exist, as shown by the following proposition.

Proposition OA.2. Suppose that n = m = 3 and let

100 4/5 1/5 0
I3=10 1 0| =pg=1| 0 4/5 1/5| €&s.
00 1 1/5 0 4/5

If f € &; is Blackwell more informative than g, then f is a permutation of I3 or g.

Proposition OA.2 suggests that there is no continuous path in £ connecting /3 and g along
which Blackwell informativeness decreases. This is because if such a path existed, there would
have to be an experiment, other than permutations of /3 or g, that is more informative than g but
less informative than /3, which is impossible according to the proposition.

We overcome the issue by imposing quasiconvexity on the cost function. Let C' € C,, be

defined as quasiconvex if for any f, g € £, and A € [0, 1],
CAf+ (1 =N)g) <max{C(f),C(g)}-

In other words, a mixture of two experiments cannot be more costly than both of them.?

3To make sense of this property, notice a mixture of two experiments, A f + (1 — \)g, can be replicated by running
experiment f with probability A, and experiment g with probability 1 — A, then reporting the realized signal without
indicating which experiment was conducted. Thus, if the cost of Af + (1 — A)g is higher than max{C'(f), C(g)}, one
could make an arbitrage from this replication.



To see how quasiconvexity is able to address the difficulty raised in Proposition OA.2, ob-
serve that g = %Ig + %IgP for some permutation matrix P. When C' is quasiconvex, C'(g) <
max{C([3),C(I3P)} = C(I3). Our next result shows that, under quasiconvexity, permutation
invariance and decreasing in signal replacement serve as necessary and sufficient conditions for

Blackwell monotonicity over &,,.

Theorem OA.1. Suppose C € C,, is absolutely continuous and quasiconvex. Then, C'is Blackwell

monotone if and only if C' is permutation invariant and decreasing in signal replacement.

Proof of Theorem OA.1 Necessity is established in the main text. For sufficiency, we begin by
considering the set of all m x m stochastic matrix, denoted by M,,. Then, for any f,g € &,
f =p g if and only if there exists M € M,, such that g = fM.

Notice M,,, is a convex subset of R"*™ and its extreme points are given by the matrices
with exactly one non-zero entry in each row (see e.g., Cao et al. (2022)). Let ext(M,,) =
{Ey, -+, Ey,m} denote the set of all extreme points of M,,. Then, since any M € M,, can

be written as a convex combination of elements in ext(M,,), the quasiconvexity of C' implies that
C(g) <max{C(fE): E € ext(M,,)},

Therefore, it suffices to show that C(f) > C(fE) for all £ € ext(M,,).

Forany k£ < m, let ext;(M,,,) denote extreme-point matrices with rank k. Note that ext,,, (M,,)
corresponds to the set of all permutation matrices. Thus, permutation invariance implies that
C(f) = C(fE) for all E € ext,,(M,,). The following lemma shows that decreasing in signal
replacement implies that for any 1 < k < m and E € ext;_;(M,,), there exists £ € exty(M,,)
such that fE’ is at least as costly as fFE. By repeatedly applying this, we can see that for any
E € ext(M,,), there exists £ € ext,,(M,,) such that C(fE) < C(fE) = C(f), which com-
pletes the proof.

Lemma OA.1.2. Suppose C' € C,, is absolutely continuous and decreasing in signal replacement.
Then for any 1 < k < m and E € exty,_1(M.,,), there exists E' € ext,(M,,) such that for all
A€ 0,1],

fE = (1 =N fE + \fE =5 fE. (OA.1.4)

And it further implies C(fE') > C(fE).

Proof of Lemma OA.1.2. Since E is not a full-rank matrix, there exists a column ¢’ such that at

/, = 1 for some i # i'. Additionally, there are

least two entries are equal to 1. Let eg = e
m — k + 1 columns whose entries are all equal to zero. Let one such column be 7', Let £’ be the

matrix obtained from E by moving row 7' from column j to column j’, that is, e"g,/ =1,¢7 =0,

5



and all other entries are the same as in . Note that £’ has exactly m — k empty columns, i.e.,
E’ € ext,(M,,).

Let B denote an m X m matrix such that bﬁ: = —1, b;, = 1, and all other entries are equal to
zero. Observe that, for any g € &,,, the [-th column of ¢gB is equal to 0 whenever [ # j,j'. The
4'-th column of ¢B is —¢’', and the j-th column of ¢B is ¢/". Thus, gB = ¢’ 7.

Note that, when [, is the identity matrix of size m, I,, + AB is a stochastic matrix for any
A € [0,1]. Observe that B> = — B and

(I, + AB)(Ip + B) = I, + B.
Additionally, F'(I,, + B) = E and
E'(I,+XB)=(1—-M\E + \E.
Therefore, we have

(1-NfE +\fE = fE'(I,, + \B),
fE=fE'(I,+ B)=fE (I, + AB)(I,, + B).

Since I,,, + A\B and I,,, + B are stochastic matrices, (OA.1.4) holds.
Next, let
ha=(1—-\NfE +\fE.

Since hy = fE'(I,, + AB), we have
haB = fE'(I,, + \B)B=(1—\)fE'B = fE — h,.
Moreover, hyB = h&',_}j . Hence, by decreasing in signal replacement,
D*C(hy; fE — hy) = DTC(hy; haB) <0 (OA.15)

forall A € [0, 1].
Finally, we show that
C(fE') > C(fE).

For A € [0, 1], define o(\) = C'((1 — A\)fE' + AfE). By absolute continuity,  is differentiable

almost everywhere on [0, 1] and satisfies

¢'(A) =D*C((1-NfE' + \fE; fE - fE')



for almost every A. Then, by the FTC,

1
C(fE) — C(fE') = p(1) — p(0) = / (M) dA

1
= / DYC((1 =N fE' + M\fE; fE — fE') d)
0
1
_ / %D*C((l CNJE 4 MEfE — (1 - N JE + AfE))d <0,
o 1—
where the second last equality holds for almost every A € [0, 1) and uses positive homogeneity of

D*C(f;-), while the last inequality follows from (OA.1.5). Therefore, C(fE') > C(fE). O

0OA.1.3.1 Remarks

Remark 1. Theorem OA.1 characterizes necessary and sufficient conditions for Blackwell mono-
tonicity under quasiconvexity. This raises the question of whether quasiconvexity is necessary for
Blackwell monotonicity. The following example illustrates a cost function over binary experiments

that is Blackwell monotone but not quasiconvex.

Example OA.3. Suppose n = m = 2. Denote any experiment f € & by f = [f1, f2]T. As before,
we restrict attention to the set & = {(f1,f2) :0< f1 < fo < 1}. Consider C' : Ey — R, defined
by

. fa1—h
c(f) —mln{ﬁ, 1 —fz}'
By using (OA.1.2), we can easily see that f =g ¢ implies C'(f) > C(g), i.e., C is Blackwell
monotone.

Consider f = [0,1/2]T and ¢ = [1/2,1]T with costs C'(f) = C(g) = 2. For the one-half
mixture of them, given by h = [1/4,3/4]T, the costis C'(h) = 3 > C(f) = C(g). Hence, this cost
function is not quasiconvex.

Remark 2. Quasiconvexity is not needed in establishing Blackwell monotonicity over binary exper-
iments. However, when quasiconvexity is imposed in this case, it is almost sufficient for Blackwell
monotonicity.

Recall that any binary experiment can be represented by f = [f1, -+, f.]T € [0,1]", and
0 and 1 are completely uninformative experiments. Let C' be non-null if for any f € [0,1]",
C(f) = C(1) = C(0).

Proposition OA.3. If C € C; is quasiconvex, permutation invariant, and non-null, then C' is

Blackwell monotone.

Proof of Proposition OA.3. By Lemma 1, f =5 g if and only if g = af + b(1 — f) for (a,b) €
0,12 Ifa > b, g = (1—a)-0+(a—0b)-f+b-1;andifa < b,g = (1-0)-0+(b—a)-(1— f)+a-1.
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From quasiconvexity and non-nullness, we have C(f) > C(g) or C(1 — f) > C(g). Then, by
permutation invariance, C'(f) = C(1 — f), thus, C(f) > C(g). N

Remark 3. We provide a weaker version of quasiconvexity, which can also serve as a necessary

condition for Blackwell monotonicity.

Definition OA.1. C' € C,, is garbling-quasiconvex if for all f € &, any finite collection of its
garblings, {g1,- - ,gn}, and No, -+ , N, € [0, 1] with > (A =1,

=1

C (/\of + Z/\igi> <max{C(f),C(g1),---,C(gn)}-

Proposition OA.4. Suppose C' € C,, is absolutely continuous. Then, C' is Blackwell monotone
if and only if C' is permutation invariant, garbling-quasiconvex and decreasing in signal replace-

ment.

The necessity of garbling-quasiconvexity follows from the fact that f >p5 Aof + >, A;g; for
all such configurations. For sufficiency, the proof proceeds almost identically to that of Theorem
OA.1, with additional steps required to show that garbling-quasiconvexity, together with continuity,

is sufficient to establish the final step.

Proof of Proposition OA.4. For sufficiency, take any f =5 ¢g. By the same argument as in the
proof of Theorem OA.1, all extreme points of Sg(f) are in S¢(f). By convexity of Sg(f), g can
be written as a convex combination of these extreme points, denoted by g = >, \;g;. Moreover,

foralle >0, 9. =e€f + (1 —€)g € Sp(f). By garbling-quasiconvexity,

Cge) < max{C(f),C(g1),--,Clgn)} < C(f),

for all e > 0, where the last inequality follows because g;’s are extreme points of Sg(f). Taking

the limit as ¢ — 0, by continuity, we have C'(f) > C(g), and thus C'is Blackwell monotone. [

0OA.2 Extension of the nMLR order

In this section, we first show that for any column vector in an MLRP experiment, the support is an

interval, then we extend Lemma 5 to [0, 1]".
Lemma OA.2.1. Forany f € EMLRP,

(i) {i: f] = f(sj|wi) > 0} is an interval, denoted by [w;, W;);



(1)

forany j < j', w; <wjand W; < Wi

Proof of Lemma OA.2.1. (i) Assume the contrary: {i : f/ > 0} is not an interval. Then, there

(ii)

exist i’ < i < 4" such that f/ = 0 and f}, f3, > 0.

First, for any j' < j, by the MLRP (since i’ < i), we have:
0=f11 =11

Since fi]} > () and probabilities are non-negative, this implies fij "=0.

Likewise, for any j” > j, by the MLRP (using ¢ < "), we have ff;/ fij > fZ, fij ", which
similarly yields f/" = 0.

Summing over all possible signals for state w;, we get > )", f{ = >, fi + £+ Do fi =
0. This contradicts the requirement that probabilities must sum to 1: > ", ff = 1. Thus,
{i: f(sjlw;) > 0} must be an interval.

We show w; < wj,, and note that W; < W, holds symmetrically.

Assume the contrary: w; > w;. Define i = w; and i’ = w;, which means ¢ < i’. By the
definitions of the lower bounds, we know fij;, ff > (. Furthermore, because i < i’ = wj, we

must have f/ = 0.

By the MLRP (since i < i’ and j < j’), we have:
0=fIf) = 1,

which contradicts fij , f; > 0. Thus, we have w; < wj.

Lemma OA.2.2 (Extension of Lemma 5). Let x,y € [0, 1]"* be MLR-ordered, withy =1 r x, and
let I, == [wy, Wy = {i | z; > 0} and I, := [w,, W] = {i | y; > 0}. The following conditions

are equivalent.

(a)

(b)

y and x are neighbor monotone-likelihood-ratio ordered, written y >, g x: that is, there

€ EMLEP i which ax and By are adjacent.

exist a, B > 0 and an experiment |- - - ax Py -- -]
wy < wy, Wy <W,, and there exists h € [0, 1] such that:
(i) h; =1 forall i < w,,

(ii) h; =0 foralli > W,;



(iii) h; > 0 foralli € I, and h; < 1 foralli € I,; and

(iv) forall1 <i<n-—1,
hiviz; < xiprhy  and Yy (1 — hy) < (1 — hig1) i (OA.2.1)

(c) wy < wy, Wp <W,, 2,01 < x; for all v < wy, y; > yiy1 for all i > W, and the followings
hold.:

(i) if N1, =0, then W, +1=w,;
(ii) if I, NI, # 0, define the sequence h:I,N I, — [0,1] as follows: (1) the initial condition

AN

. 4
17 lf$wy—1 S wwya

min{ 1}, if T, < Tw,—1;

Ty
xwy—l’
(2) for w, <1 < Wy,

hit1 = min { B, (h;), By(h;)} ,

where By(l) = 221 and By(l) = 1 — #2(1 — 1). Then, hi; > 0foralli € I,N I, and

i

ifw, > W,, hw, 1 i= B, (hw,) > 0 and it strictly holds when Tyy—1 < oy,

Proof of Lemma OA.2.2. [(a)= (b)] Assume (a) holds. Let E = [e! ---e* L ax By 2. .. e™] €
EMLRP Since F is an experiment, the sum of the elements in each row i equals 1.

First, we establish the support bounds. Since «, 5 > 0, the support of column £ (which is ax)
is exactly [w,, W], and the support of column £ + 1 (which is Sy) is exactly [w,, W, ]. By Lemma
OA.2.1, the lower and upper bounds of supports are weakly increasing across columns. Since ax

precedes Sy in E, it follows that
wy, <w, and W, <W,.

Define h € R" by
k—1

h; == Zez + ax;.

j=1
Since all entries of E are nonnegative and each row sums to 1, we have h; € [0,1] for all 7.
Moreover,

j=k+2

4The case with w,, = wy, also belongs to this case as z,,,—1 = 0.
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We verify conditions (1)—(iv).
() h; = 1foralli < w,: If i < w,, theny; = 0. Since lower support bounds are weakly increasing

across columns, every column j > k + 1 also has support starting weakly above w,,. Hence
e/ =0 forallj>Fk+ 1.

Therefore, n
1 —h; =By + Z el =0,
j=k+2
so h; = 1.
(ii) h; = Ofor all s > W: If i > W,, then state : lies strictly above the support of column k. Since
upper support bounds are weakly increasing across columns, every column j < k has support

ending weakly below I7/,. Hence
e/ =0 forallj <k

Thus
k—1 ‘
hi = Z@Z +ax; = 0.
j=1

(iii) Strict bounds: If 1 € I, then x; > 0, so

k—1
h; = Ze{ + ax; > 0.

j=1
Ifi € I, then y; > 0, so
1—h; =Py + i ef>0,
j=k+2
which implies h; < 1.
(iv) Cross-product inequalities: For every j < k — 1, the MLRP property between columns j

and k implies

el (ax;) < el(aw;y) foralll <i<n—1.

Summing over j = 1,...,k — 1 yields
k=1 k=1
(Z e§+1> ar; < (Z e?) ATy
j=1 j=1

11



Adding (ax;)(ax;4 1) to both sides gives
Bl Bl
(Z el + ocxz-H) ax; < <Z el + a:vi) aTiq.
j=1 j=1

By definition of h,
hiyi(ar;) < hi(aziy).

Since a > 0,

hiviz; < @iqp1h;.
By a symmetric argument using the columns after k,
Yir1 (1 = hi) < (1 = hit1)yi.
[(b) = (a)] Assume condition (b) holds. We are given w, < w,, W, < W,, and a sequence

h € [0, 1]™ satisfying conditions (i)-(iv). Furthermore, by the lemma’s premise, x and y are MLR-

ordered, meaning x;1y; < x;y;41 forall1 <7 <mn — 1.

First, define:
1 h; 1 1—h;
o := —min | — and [ := — min )
2 i€l \ x; 2 i€l Y

Since condition (b)(iii) guarantees h; > 0 foralli € I, and h; < 1forall i € I, we have o, 5 > 0.

Next, we construct a 4-signal experiment by defining the boundary columns, e' and e, as:
el = h; — ax; and ef = (1 — hy) — Py

forall 1 < i <n.

We verify that e} > 0 and e} > 0 for all i: Fori ¢ I, z; = 0,s0e! = h; > 0. Fori € I,
our choice of « ensures o < %% < %, which implies ax; < h;, and thus e} > (0. A symmetric
argument ensures ef > ( for all .

Let £ = [e' ax By e*]. The sum of the elements in row i is:
ei +ax; + By; +ef = (hy — ax;) + az; + By + (1 — hy) — Byi) = hi + 1 — h; = 1.

Since all elements are non-negative and the rows sum to 1, £ is a valid experiment.

Finally, we verify that £ € EMLEP by checking the MLR property between adjacent columns:

12



1. Between ¢' and ax: We need e (ax;) < e} (ax;41). Substituting e':

(hiv1 — aziyr)(ax;) < (h; — ax;)(oxipq)

2 2
hipiow; — 0”17 < hioipn — QT T4

Adding o®x;z;,, to both sides and dividing by o > 0 yields exactly h;,12; < x;41h;, which is
guaranteed by condition (b)(iv).

2. Between az and [Sy: We need (az;1)(By;) < (ax;)(Byir1). Dividing by aff > 0 yields

Ti1Yi < ;Y;11, which holds because x and y are MLR-ordered by assumption.

3. Between Sy and e*: We need (Sy;.1)ef < (By;)e}, ;. Substituting e*:

5yi+1((1 - hi) - ﬁyi) < 5%‘((1 - hi+1) - 5%41)
Byiyr(1 = hi) — 523/z'+13/z' < BYi(1 = hiy1) — ﬁzyiyi+1~

Adding 3?y,y;,1 to both sides and dividing by 3 > 0 yields exactly y;,1(1 — h;) < y;(1 — hit1),
which is the second part of condition (b)(iv).

Since E satisfies the MLRP across all adjacent columns, £ € EMERP  Thus, condition (a)
holds.

[(b)= (¢)] Assume condition (b) holds.
The support bounds w, < w, and W, < W, are immediate. We first establish the tail mono-

tonicity conditions.

Lower tail of x: For any : < w,, we have ¢ < w, — 1. If ¢ > 2, then? — 1 < w, and ¢ < w,. By
(b)(1), h;—1 = h; = 1. Substituting into the first inequality in (OA.2.1) at index 7 — 1, we get

L'y <2-1 = 2 < .

(If ¢ = 1, there is no z(, so the condition vacuously holds or starts at z1). Hence x is weakly

increasing for i < w,,.

Upper tail of y: For any i > W,, we have s > W, + 1. Thus both7 > W, and ¢+ 1 > W,. By
(b)), h; = h;11 = 0. Substituting into the second inequality in (OA.2.1) at index ¢, we get

Yir1(1-0) < (1-0)y;, = yit1 < v

Hence y is weakly decreasing for ¢ > W,.
Next, we evaluate the intersection of the supports, I, N I,,.

Case (i): I, N1, = 0. Since w, < w, and W, < W, the supports being disjoint implies
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W, < w,. Suppose for contradiction that W, < w, — 2. Consider the state : = W, + 1. Since
t > W,, condition (b)(ii) dictates /; = 0. Since i = W, +1 < w, — 1 < w,, condition (b)(i)
dictates h; = 1. This is a contradiction (0 = 1). Thus, we must have W, + 1 = w,, satisfying
condition ().

Case (ii): 7, N I, # (. In this case, w, < W, and the intersection is exactly the interval [w,, W,].
We prove by induction that h; < h; for all i € {w,,...,W,}.

Base case (1 = w,): By (b)(i), hy,—1 = 1. Substituting this into the first inequality in (OA.2.1) at
index w, — 1, we have:

hwymwyfl S xwy .

Furthermore, since w, € I, condition (b)(iii) guarantees h,,, < 1. If z,,,_1 < z,,,, the definition

of h gives Ewy = 1. Since h,, < 1, we immediately have h,,, < Ewy. If 2, < Ty, 1, then

.Z‘wy

Ty,—1 > 0. The cross-product inequality yields h,, < -. Since we also know hy, <1, we

Ty —

have:

. T, —
hwy < min ,1p = hwy.

Iwy,1
Thus, h,, < Ewy in all subcases.

Inductive step: Suppose h; < h,; for some i € {wy,...,W, —1}. Since i € I, N I,, we have
x; > 0and y; > 0. From (OA.2.1), we have:

i X

h¢+1 S Tit1 hz < xi—HEi = Bx(ﬁl)g
X

and

hiy1 <1— Yt (1—h) <
Yi Yi

AN
—_
|
<
_l’_
AR
—~
[u—
|
>
N
Il
Sy
<
—~
=
S~—

Hence,

hiyi < min{B,(h;), B,(h;)} = his1.
This completes the induction.
Strict positivity: For all ¢ € I, N I, condition (b)(iii) states ~; > 0. Since h; > h;, we obtain
h; > 0.
Upper boundary condition: Suppose W, > W,. We evaluate By(EWZ). By (b)(ii), hw,+1 = 0.
Substituting into the second inequality of (OA.2.1) at index W, yields:

yw,+1(1 = hw,) < (1= 0)yw, = yw, .
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Since W, € I, (as w, < W, < W,), we have yy,, > 0. Rearranging the inequality gives:

0<1— %4 hy ) = B, (hw,).
yw,

Because hyy, < hyy, and B, is an increasing function,
0 < By(hw,) < By(hw,) = hw, 41.

This proves Ay, 41 > 0.

Finally, suppose the strict condition x,,, 1 < xy, holds. Then Ewy = 1. Since w, € I, (b)(iii)
guarantees h,,, < 1, meaning h,, < Ewy. For every i € {wy,...,W, — 1}, both z; > 0 and
y; > 0, so the map 7;(/) := min{B,((), B,(l)} is strictly increasing in /. By induction, the strict

inequality propagates: hy,, < hy,. Since yy, > 0, the map B,, is strictly increasing, which gives:

By(th) < By(EWZ) = EWz‘i‘l'

Because 0 < B, (hyy, ), we conclude 0 < hw,+1, confirming the inequality holds strictly.

[(c)= (b)] Assume condition (c) holds.
We construct i € [0, 1] by considering whether the supports I, and [, overlap.

Case (i): I, N I, = . By condition (i), we have W, + 1 = w,. Define h as follows:

1 fori < w, (which is equivalent to z < W),
hi -
0 fore > W, (which is equivalent to 7 > w,).

We now verify conditions (1)-(iv) of (b):

* (i) & (ii): By definition, h; = 1 for i < w, and h; = 0 for i > W,.

e (iii) Strict bounds: For all 1 € [,,+ < W, < wy,so h; = 1 > 0. Forall: € I,
> wy, > Wy, soh; =0<1.

* (iv) Cross-product inequalities: For : < W, h; = h;.; = 1. The z-inequality becomes
1-2x; < x;41 -1, which holds by the weak monotonicity of x on its lower tail from (c).
The y-inequality trivially holds as 1 — h; = 1 — h;4; = 0. Fori = W,, hy, = 1 and
hw,+1 = 0. The z-inequality is O - zy, < 2,41 - 1, which is 0 < 0 since zw,+1 = O.
The y-inequality is yp,+1(1 — 1) < (1 — 0)yyw,, which is 0 < yy, and trivially holds. For
1 > W, h;y = hjy1 = 0. The z-inequality trivially holds as h; = h;; = 0. The y-inequality
becomes y;41(1 — 0) < (1 — 0)y;, which holds by the weak monotonicity of i on its upper

tail from (c).
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Thus, condition (b) holds when the supports are disjoint.

Case (ii): 1, N I, # (. In this case, the intersection is [w,, W,]. For each i € {w,,..., W, — 1},
define the transition map
Ti(1) -== min{ B, (1), B,(1)}.

We construct i € [0, 1] by choosing an initial perturbation € > 0 as follows:
e Ifwy, 1 > Ty, sete=0.

e Ifwy, 1 < 2y, choose € > 0 sufficiently small.

Now define: )
1 if 1 < wy,
I —— if 1 = w,,
hi={ " !
Tica(hiz) ifw, <1 < W,,
0 ifi > W,.

We verify conditions (i)-(iv) of (b).

(i) and (ii): By explicit construction, h; = 1 for all ¢ < w, and h; = 0 for all i > W,
Comparison with h and Strict bounds (iii): By definition, h,,, = Ewy —e< Ewy. Since each
map 7; is weakly increasing, induction guarantees that h; < h; foralli € [w,, W,]. When e = 0,
h; = h;. Thus, lim,_,o h; = h;. Condition (c) dictates h; > 0 foralli € I, N I,,. By continuity, for
sufficiently small € > 0, we are guaranteed h; > 0 for all ¢ € [w,, W,]. Fori < w,, h; =1 > 0.
Hence, h; > Oforall i € I,.

Next, we establish h; < 1 forall i € I,. Ati = wy, if 2,1 > 7, then € = 0. By definition
in (¢), Ewy = IZ—”: < 1. Thus, h,,, = Ewy <1 Ifwz,, 1 < Ty, wesete > 0and Ewy = 1. Thus,
hy, = 1 —¢€ < 1. In both scenarios, h,,, < 1. Inductively, suppose h; < 1 for some ¢ € I, up to
W, — 1. Since y; > 0, we have By (h;) = 1 — #(1 — h;) < 1. Because h;1 = T;(h;) < By(h;),

Yi
it follows that h;; < 1. Fori > W,, h; = 0 < 1. Thus, h; < 1forall ¢ € I,,.

(iv) Cross-product inequalities: For i < w, — 1, by = hj;1 = 1 and y; = y;41 = 0. The
y-inequality trivially holds. The x-inequality evaluates to x; < z;,1, which holds by the lower tail
monotonicity of z from condition (c).

For the lower boundary ¢ = w, — 1, we have h,,,_1 = 1 and h,,, = Ewy — €. The y-inequality
trivially holds as 4., (1 — 1) = 0 < (1 — hy, )Yw,—1. The 2-inequality requires f, Ty, —1 < Top, -
If 2,1 > Tw,, € = 0 and hy, = rzz: This yields equality: @y, = ZTw,. If Ty,—1 < Ty,
hy, =1 —¢ < 1. Thus, hy, 2y, 1 < Ty, —1 < T,,. Both cases satisfy the inequality.

For w, < i < W,, the recursion h;1y = min{B,(h;), B,(h;)} implies h;y; < B,(h;) and

hi—i—l < By(hz) Since x; > O, hi+1 < xH—lhl — hi+1£lfi < !L’Z‘_:,_lhi. Since Yy > 0, hi—l—l <

T
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1—221—=h) = yir1(1—hi) < (1= hi1)yi

For the upper boundary ¢ = W,, hy,+1 = 0 and 2,41 = 0. The z-inequality evaluates
to 0 < 0. The y-inequality requires yw,+1(1 — hw,) < (1 — 0)yw,, which is equivalent to
0 < By(hw,). ¥ W, = Wy, yw,41 = 0, so By(hw,) = 1 —0 = 1 > 0, which holds. If
W, < W, condition (c) dictates Ay, +1 = By(hw,) > 0. If 2,1 > z,,, we chose ¢ = 0,
meaning hyy, = hy,. Thus, By(hw,) = hw, 41 > 0. If Top,—1 < Ty, We chose € > 0. Condition
(c) guarantees this holds strictly: hy, 4, > 0. Since hy, — hy, as € — 0, the continuity of B,
implies that, for sufficiently small € > 0, B, (hw,) > 0. The required inequality is satisfied.

For i > W,, h; = hjy1 = 0and x; = x;.1 = 0. The z-inequality trivially holds. The y-
inequality evaluates to y; 1 < ¥;, which holds by the upper tail monotonicity of y from condition
(©).

Therefore, all conditions in (b) are satisfied. ]
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