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Abstract

Communication is secret if a message is independent of the state; however, the
receiver’s subsequent action may still reveal that she has acted on hidden information.
This paper studies when secret communication can also provide plausible deniability:
under single-crossing preferences, every action induced by the sender’s message must
be rationalizable using the receiver’s baseline information alone. We characterize joint
information structures that satisfy both secrecy and plausible deniability. We show
that plausible deniability restricts communication exactly when the baseline message
is directional—meaning its likelihood is monotone in the state. Combining this re-
striction with secrecy, we show that, for directional messages, frontier communication
reveals at most whether the state lies above or below a cutoff. Finally, we identify
conditions under which a greatest feasible communication structure exists and can be

explicitly constructed.
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1 Introduction

Communication often takes place under conditions of surveillance. A sender may wish
to convey information to a receiver while ensuring that an outside observer learns nothing
about the underlying state, either because the information is sensitive or because the com-
munication must, for legal, institutional, or optimal reasons, be uninformative about the
state. This concern is captured by the notion of (perfect) secrecy, long studied in cryptog-
raphy and information theory (Shannon, 1949). In the language of information structures,
a message is secret if its distribution is statistically independent of the state: an outside
observer learns nothing from the message, yet it may still transmit useful information to
the receiver through its correlation with the receiver’s own information.

Secrecy, however, provides only partial protection. Even when the message is statisti-
cally uninformative to outsiders, the receiver’s subsequent action may reveal that she has
acted on information privately conveyed to her. Especially, information often matters pre-
cisely by changing behavior: an investor trades, a regulator investigates, a manager inter-
venes, or a protector takes precautionary action. Such responses may be informative even
when the message that triggered them is not. The Martha Stewart/ImClone case illustrates
this tension: Stewart’s sale of all her ImClone shares shortly before adverse news about the
company became public drew scrutiny because it made the possible receipt of a private tip
salient to investigators (U.S. Securities and Exchange Commission, 2003). The challenge
is that while a message is secret, the action it induces can be revealing.

This paper studies how secret communication can be designed to address this challenge.
We introduce the notion of plausible deniability: whenever the receiver acts on the sender’s
message, her action must still be justifiable as a rational response to information she already
possessed, without invoking the message itself.! Plausible deniability therefore protects not
the message itself, but the receiver’s ability to act on useful information without exposing its
source. This protective role is central in reporting and compliance settings, where an inter-
vention may need to respond to sensitive information from an employee or whistleblower
while shielding that person from retaliation or unwanted scrutiny. Together, secrecy and

plausible deniability provide two complementary layers of protection: the message is sta-

"The Stewart/ImClone case also illustrates this justification idea. According to the SEC, Stewart claimed
that she sold her ImClone shares because of a prior agreement to sell if the stock fell below $60, an explanation
takes exactly the form of plausible deniability considered here: it attempts to justify the observed action as
a rational response to a publicly observable baseline message—the stock price reaching the $60 threshold—
without invoking the alleged hidden tip. According to the SEC, the problem was not that such a baseline-based
justification would be irrelevant, but that the asserted prior agreement was fabricated.



tistically uninformative on its face, and the receiver’s response remains explainable without
it. We characterize the maximally informative communication structures that satisfy both
requirements.

Formally, we study a communication problem with a sender, a receiver, and an outside
observer whose presence constrains communication. The receiver has access to a base-
line information structure, whose realized message is observable to all parties. The sender
communicates by designing the joint distribution of his message and the receiver’s base-
line message, while preserving the publicly known marginal distribution of each. Only the
sender and the receiver know the dependence between the two messages. Secrecy requires
the sender’s message to have a state-independent marginal distribution. Hence, any infor-
mation conveyed to the receiver must come entirely from the sender’s message through its
correlation with the receiver’s baseline information.

After observing both messages, the receiver chooses an optimal action given her poste-
rior belief. Her action is publicly observable, but her preferences are private information.
Nevertheless, it is commonly known that her utility function satisfies single crossing, so
that she prefers higher actions in higher states, and that she takes a given default action
under the prior belief. For example, an investor may be known to take more aggressive buy
positions in higher states, while the precise beliefs at which she switches from one position
to another depend on her privately known risk preferences. In formal terms, plausible de-
niability restricts how the sender’s message can be correlated with the receiver’s baseline
message: any action induced by observing both messages must also be rationalizable from
the baseline message alone, for some utility function consistent with the publicly known
restrictions.

The sender’s goal is to choose, subject to secrecy and plausible deniability, a joint infor-
mation structure that is maximally informative to the receiver, in the sense that it gives her
a higher expected payoff across all decision problems and all preferences consistent with
public knowledge. Our main results characterize the frontier of feasible joint information
structures and provide conditions under which a greatest feasible structure exists and can
be constructed explicitly.

More specifically, we show that plausible deniability imposes a restriction on the joint
information structure if and only if the baseline message is directional, in the sense that

its likelihood is monotone in the state.> In that case, plausible deniability requires the

2When the baseline message is non-directional, i.e., non-monotone in the state, plausible deniability im-
poses no restriction on the likelihood of the joint message. See Section 3.1 for details.



likelihood of the joint message to be monotone in the same direction (Theorem 1). Thus,
plausibly deniable communication can nudge the receiver only along the direction made
defensible by her baseline information: it may strengthen or soften the response suggested
by the baseline message, but it cannot justify an action on the opposite side of the default
action.

Our analysis of secrecy uses Green and Stokey (2022)’s signal representation of the
baseline information structure, which turns the secrecy constraint into a rearrangement
problem over signal realizations. Building on this representation, we show that signal-
based structures are without loss for the sender’s frontier problem under secrecy and plau-
sible deniability: every frontier point is payoff-equivalent to some signal-based structure
(Theorem 2 and Corollary 1). Importantly, this reduction yields a simple posterior geom-
etry. In signal-based structures, directional baseline messages induce posteriors that are
lower- or upper-tail truncations of the prior, while non-directional messages induce poste-
riors given by the prior conditional on subsets of states. Thus, for a directional message,
frontier communication takes an extreme form: it reveals at most whether the state lies
above or below a cutoff.

This posterior geometry also highlights a dual role of plausible deniability. It restricts
feasible communication, but it also makes the frontier tractable. Specifically, it simplifies
an otherwise complex analysis by imposing monotonicity on the likelihoods induced by
directional baseline messages (see Section 3.2). This observation motivates our study of
almost-directional baseline information structures, in which non-directionality is limited
to at most one message. This class includes all information structures with at most three
messages that satisfy the monotone likelihood ratio property.

For almost-directional baseline structures, we show that a greatest feasible communi-
cation exists and can be constructed explicitly from a Green and Stokey (2022) signal rep-
resentation by ordering messages according to their direction: decreasing, non-monotone,
and increasing (Theorem 3).

The same direction-ordered construction is robust beyond the almost-directional bench-
mark: Theorem 4 gives a sufficient condition under which the non-monotone messages are
sparse enough for this construction to remain greatest. When a greatest feasible com-
munication is obtained by these results, it has a sharp posterior geometry: every induced
posterior is the prior conditional on an interval of states.

Beyond the sender’s communication problem, the same logic speaks to a broader ques-

tion of protective information design: how can useful information be elicited and acted



upon without exposing its source? The model can be read from this perspective as de-
scribing receiver-designed reporting protocols. A compliance officer, for example, may
have baseline information about workplace misconduct and may design a routine reporting
channel for employees or whistleblowers. The report is uninformative on its own, but its
dependence with the officer’s baseline information can still guide the officer’s subsequent
intervention. Plausible deniability requires that this intervention remain justifiable from the
officer’s baseline information alone. Our results describe how informative such protective
protocols can be: when the officer’s baseline information is directional, the most informa-
tive feasible refinements take a cutoff form; under broader conditions, the direction-ordered

construction yields a greatest feasible protocol explicitly.

The remainder of the paper is organized as follows. Section 1.1 discusses related litera-
ture. Section 2 introduces the model and defines secrecy and plausible deniability. Section
3 characterizes the implications of these requirements on the joint information structure.
Section 4 identifies the frontier of joint information structures satisfying both requirements,
and provides conditions for the existence and construction of a greatest feasible communi-
cation. Section 5 provides further discussions, and Section 6 concludes. All proofs are in

the appendix.

1.1 Related Literature

Our paper contributes to a growing literature that characterizes maximally informative in-
formation structures under additional constraints. Closest to us, Strack and Yang (2024)
and He et al. (2026) characterize Blackwell or Blackwell-Pareto frontiers under privacy
constraints, requiring signals to be statistically uninformative about specified variables.?
Our secrecy constraint, following the notion of perfect secrecy in Shannon (1949), has a
similar independence form, but our informativeness criterion is fundamentally different;
see Section 5.1 for a more detailed comparison. Also closely related is Cavounidis et al.
(2025), who study when perfect secrecy permits full revelation of the state; see Section
3.2 for a related discussion.* Our focus is different: plausible deniability can bind even

when secrecy alone permits full revelation, and our frontier characterization shows how

3See also Xu and Zhao (2025a,b) for recent characterizations of Blackwell frontiers under privacy con-
straints, and Wang et al. (2024) for Blackwell-optimal information release under inferential privacy and
private-private information constraints.

“4Related applications of individually uninformative but jointly revealing information structures to mech-
anism design include Zhu (2023) and Larionov et al. (2025).



this additional requirement shapes the most informative feasible communications.

Our notion of plausible deniability is conceptually related to work in which commu-
nication is constrained by what an outside observer can infer. Most closely, Antic et al.
(2025) study communication under scrutiny, where agents exchange information in the
presence of an observer with partially opposed interests and must preserve plausible deni-
ability. Relatedly, Chassang and Padré i Miquel (2019) show how plausible deniability can
facilitate information transmission when a monitor faces retaliation or reputational con-
cerns. We study a different strategic environment and impose plausible deniability directly
as an information-design constraint.

Finally, our analysis is related to work on how multiple information sources interact.
Borgers et al. (2013) define when information sources are complements or substitutes, em-
phasizing that the value of one source depends on how it interacts with another. Cheng
and Borgers (2024) study joint information structures with fixed marginals and show how
dependence affects informativeness. Relatedly, De Oliveira et al. (2023) study robust deci-
sion making when marginal information structures are known but their correlation is not. In
our setting, the receiver’s baseline information structure is fixed, while secrecy requires the
sender’s marginal message to be uninformative about the state; the sender’s design prob-
lem is therefore to choose the dependence between the two messages, subject to plausible

deniability.

2 The Model

We study a communication problem involving an information sender (he), a privately in-
formed receiver (she), and an outside observer (they). The sender aims to convey informa-
tion to the receiver while maintaining secrecy and plausible deniability with respect to the
outside observer, which are the main constraints of our model and will be formally defined

in Section 2.2.

2.1 Setup
The state space is a finite set 2 = {w;, ws,...,w,}. The receiver’s action space is A =
{a_y,...,a0,...,ar} with [, L > 1. Both states and actions are ordered by their indices.

The common prior belief over the states is 1 € A(€2), which has full support. Indepen-

dently of the sender’s communication, the receiver has access to a baseline information



structure f : 2 — A(X) that generates a baseline message x € X. Both f and its realiza-

tion x are publicly observed.

Sender’s communication and covert channel The sender communicates by choosing
an information structure g : Q@ — A(Y') over an arbitrary finite message space Y. This
communication channel is public in the sense that both the choice of ¢ and its realization y
are publicly observed.

However, the sender can covertly transmit additional information by choosing how =
and y are jointly generated, subject to their publicly observed marginals. Specifically, the
sender may select any joint information structure i : 2 — A(X X Y) that is consistent

with f and g, i.e., for every w € (),

f(z|w) = th ylw), glylw) = thy\w Ve X, VyevY?

yey zeX

The choice of h is shared between the sender and receiver but hidden from the outside

observer, and the posterior belief under h is denoted p,(+|z, y).

Receiver’s action Given the joint structure h, after observing the realized messages
(x,y), the receiver takes an action. Let u : A x 0 — R denote the receiver’s utility

function. The receiver’s optimal action satisfies

While the receiver’s action a,, (u) is publicly observed, her utility function w is her private

information. We impose two restrictions on u that are publicly known:
(1) ag is the default action—unique optimal under the prior p, and
(i1) the receiver’s optimal action is monotone in the state.

We capture this monotonicity formally using the single-crossing property (SCP). A utility
function v : A x €2 — R satisfies the SCP if for any ¢’ > a and any v’ > w,

uld,w) > (>)u(a,w) = u(d,w)>(>)ula,w). (1)

3Since f is exogenous, an equivalent formulation is to have the sender choose a conditional distribution
9z (+|w) : 2 x X — A(Y) such that the Y-marginal aggregates to g.



Under the SCP, once the higher action @’ is preferred to a at some state, it remains preferred
at all higher states (Milgrom and Shannon, 1994). Accordingly, it is public knowledge that
u belongs to the following class:

U= {u : Ax Q— R : usatisfies the SCP and {ag} = arg meajui(]Eu[u(a, w)]} :

Information hierarchy Our model has three tiers of information, summarized in Figure
1: what is private to the receiver (utility u € ), what is shared between sender and

receiver (joint information structure /), and what is public (all other information).

Private
u
Shared h:Q— AX xY)
PubliC u
f:Q—=A(X) Q, A
g:02—= A®Y) z, Y
ne AQ) Uy (1)

Figure 1: Hierarchy of Information

We refer to Section 5.2 for further discussion of our modeling assumptions, including
the possibility of repeated message observations and the single-crossing restriction on the

receiver’s utility function.

2.2 Secrecy and Plausible Deniability

The sender’s communication strategy—his choice of the joint information structure h—
is subject to two constraints: secrecy and plausible deniability. These constraints aim to

protect the communication from the surveillance of the outside observer.

Secrecy Secrecy protects the content of the communication—it prevents the outside ob-

server from learning about the state from the sender’s message. Formally, this amounts to

8



requiring that the marginal distribution of y be independent of the state, following precisely

the notion of perfect secrecy in Shannon (1949).

Definition 1. A joint information structure h : Q — A(X X Y') satisfies secrecy if the

marginal distribution of y is independent of the state w; that is,

> bz, ylw) = glylw) = g(y), YweQ VyeY.

rzeX

In words, secrecy requires the marginal information structure g to be uninformative
about the state. Consequently, any information the sender conveys to the receiver must

operate through the dependence between = and y induced by the joint structure h.

Plausible deniability Plausible deniability protects the communication from being re-
vealed by the receiver’s behavior—it prevents the outside observer from inferring the ex-
istence of hidden information from the receiver’s action. Formally, this requires that every
action the receiver takes under A could also be justified as optimal given her baseline mes-

sage x alone, for some utility consistent with the publicly known restrictions.

Definition 2. A joint information structure h : Q0 — A(X X Y') satisfies plausible denia-
bility if, for every uw € U and (x,y) in the support of h, there exists i € U such that

Qgy(u) € arg IﬁaxEm-m [a(a,w)],
ae

where ji1;(-|x) denotes the posterior induced by the baseline structure f upon observing .

This ensures that the outside observer, upon seeing the receiver’s action, cannot con-
clude that she acted on information beyond her baseline message x. The receiver can
always safely attribute her action to some preference u € U and the baseline posterior
fe(+|x), without invoking the sender’s message y or its dependence on x.

Crucially, plausible deniability is required to hold for all uw € U, rather than for a spe-
cific utility. This is a robustness requirement: the sender designs communication to ensure
that any action the receiver might take after observing (z, y) admits a plausible-deniability
justification, regardless of her true utility function. Equivalently, when the sender commu-
nicates with a population of receivers, plausible deniability is guaranteed uniformly across

all possible preferences in U/.



2.3 Sender’s Communication Problem

The sender aims to maximize the receiver’s communication value across all utility functions
in U, subject to secrecy and plausible deniability. We define dominance as follows: a
joint information structure h dominates h' over U if, for every utility function v € U, the

receiver’s expected utility is weakly greater under A than under //, i.e.,

B Byl )] > B |y lufaw)]] . Vue
If the inequality holds strictly for at least one u € U, h strictly dominates h' over U. If h
dominates i’ and h' dominates h, we call h and b’ are equivalent. For brevity, we omit the
qualifier “over U’ hereafter.

This dominance order is weaker than the standard Blackwell order, which requires the
inequality to hold for all utility functions, rather than a restricted class /. While we iden-
tify cases where h dominates i’ without being Blackwell more informative, the Blackwell
order remains a useful sufficient condition: any h’' obtained by garbling h is necessarily
dominated by A.

For any set ‘H of joint information structures,

(i) Frontier: a structure h € H lies on the frontier of H if it is undominated in H (i.e.,
no i’ € H strictly dominates h).

(i) Greatest Element: A structure h* € H is greatest in H if it dominates every h € H.

If there exists a greatest structure in 7, it is unique up to equivalence.

Let H5FP denote the set of joint information structures that satisfy both secrecy and
plausible deniability. It is non-empty as it contains the independent structure h(zx, y|w) =
f(z|w)g(y), under which y conveys no information beyond what x already provides. Thus,
the sender’s goal is well-defined: to choose a joint information structure in H57? that lies
on the frontier of . Our main results characterize this frontier and provide condi-

SPD

tions under which a greatest element of H exists and can be constructed in a tractable

manner.

®The Lehmann order (Lehmann, 1988) refines the Blackwell order for monotone decision problems by
assuming a one-dimensional signal space with a natural order (via the monotone likelihood ratio property).
Since our goal is to characterize multidimensional joint information structures (X x Y') lacking a natural
order, we do not utilize the Lehmann order here.

10



3 Plausible Deniability and Secrecy

In this section, we analyze the structural implications of secrecy and plausible deniability

on the joint information structure h.

3.1 Characterization of Plausible Deniability

To analyze plausible deniability, we first define ‘rationalizability’ over arbitrary informa-

tion structure.

Definition 3. Given an information structure ¢ : Q) — A(Z) and a message realization
z € supp(¢), an action a € A is rationalizable at = (under ¢) if there exists u € U such
that a is optimal under the posterior induced by observing z. Let R,(2) C A denote the

set of rationalizable actions at z.

We omit “under ¢” whenver the underlying information structure is clear from the con-
text. The following lemma establishes the connection between plausible deniability and

rationalizability.

Lemma 1. A joint information structure h satisfies plausible deniability if and only if
Riu(x,y) € Ry(z) for all (x,y) € supp(h).

Intuitively, when h satisfies plausible deniability, any action in R, (z, y) should also be
rationalizable at x under f, implying that it is in R;(z). This lemma shows that charac-
terizing plausible deniability reduces to understanding the set of rationalizable actions R.

The following lemma characterizes the set of rationalizable actions at arbitrary message.

Lemma 2. Let ¢ : Q) — A(Z) be an information structure and z € supp(¢) its realization.
(i) If ¢(z|w) is decreasing and non-constant in w, Ry(z) = {a : a < ap}.

(ii) If ¢(z|w) is increasing and non-constant in w, R4(2) = {a : a > ap}.

(iii) If ¢(z|w) is constant in w, Ry(2) = {ao};

(iv) If ¢(z|w) is non-monotone in w, Ry(z) = A.

To provide intuition, first consider the case where ¢(z|w) is decreasing in w. Then,

observing z shifts probability mass towards lower states relative to the prior. For any action

11



a > ap, the SCP implies that the payoff change from ag to a is negative below some cutoff
state and positive above it. Since a, is optimal under the prior, the prior already assigns
sufficient weight to the lower (negative) region. Observing z further shifts probability mass
toward these lower states, reinforcing the dominance of @y and making a > a, impossible
to rationalize. By contrast, the belief shift favors lower actions, and we show that every
a < ag can be rationalized at z by some u € U, establishing R,(z) = {a : a < ag}. The
case in which ¢(z|w) is increasing is symmetric.

When ¢(z|w) is non-monotone, the likelihood is increasing over some states and de-
creasing over others, so observing z shifts beliefs toward higher states in some regions and
toward lower states in others. This creates enough flexibility to rationalize any action. For
example, to rationalize @ > ag, one constructs a single-crossing utility function in which
the payoff difference between a and a is concentrated on the states where the belief shift
favors higher actions, while being negligible elsewhere. Under the prior, these states carry
insufficient weight for a to be more favorable than a, but after observing z, the upward be-
lief shift at those states makes a optimal. The symmetric argument rationalizes any a < ag
by concentrating on states where the belief shift favors lower actions. Thus, all actions are
rationalizable, establishing R (z) = A.

Lemma 2 applies to any information structure, and in particular to both baseline f and
joint structure h. Plausible deniability therefore requires that, for every (z, y) in the support
of h, the monotonicity of h(z,y|w) in w is compatible with that of f(z|w). To state this

precisely, we partition X according to how f(x|w) varies in w:
(i) let D C X collect the messages d, for which f(d|w) is decreasing in w,
(ii) let I C X collect the messages 4, for which f(i|w) is increasing in w, and
(iii) let S C X collect the remaining messages s, for which f(s|w) is non-monotone in w.

“Increasing” and “decreasing” are understood in the weak sense, so a constant function

qualifies as both. We break ties by assigning any x with f(x|w) constant in w to D.

Theorem 1. A joint information structure h : Q — A(X xY') satisfies plausible deniability
if and only if, for everyy € Y:

(i) for each d € D, h(d,y|w) is decreasing in w, and is constant in w whenever f(d|w)

is;
(ii) for eachi € I, h(i,y|w) is increasing in w; and

12



(iii) for each s € S, h(s,y|w) is unrestricted.

The proof of Theorem 1 follows directly from Lemma 1 and Lemma 2. Let H?
denote the set of joint information structures that satisfy plausible deniability. Theorem 1
provides a complete characterization of H? in terms of the monotonicity of the likelihood
h(z,y|w) in w.

A key feature of this characterization is that the restriction on h(z, y|w) depends only on
the monotonicity type of f(x|w): plausible deniability constrains A(x, y|w) independently
across x. Therefore, the most informative joint information structure satisfying plausible
deniability can be constructed message by message, choosing, for each x, the most informa-
tive decomposition {h(z, y|w)},ey of f(x|w) consistent with the monotonicity restriction.

For messages in .S, there is no restriction, so the joint structure can fully reveal the
state whenever such a message is observed — the most informative possible choice. For
messages in D, viewing h(d, y|w) as a vector in R™ indexed by w, the monotonicity restric-
tion requires that each h(d, y|w) must be a decreasing vector, and these vectors must sum
to f(d|w). The decreasing vectors form a convex cone whose extreme rays take a simple
form: for each cutoff k, the step-down vector that is constant on {wy, . .., wy} and zero on
{wk+1, ..., wn}. Because every decreasing vector is a nonnegative combination of these ex-
treme rays, any alternative decomposition of f(d|w) can be recovered from the extreme-ray
decomposition by garbling. The extreme-ray decomposition is therefore most informative.
The case i € I is symmetric, with extreme rays that are zero on {wy, ...,w,_1} and con-
stant on {wy, ..., wy, }.

We illustrate the construction with the following running example.
Example 1. Ler Q) = {wq,wq, w3} and X = {d, s, i}, with baseline structure

‘ d s i
wi | 0.6 02 0.2
we | 0.3 03 04
ws | 0.1 0.2 0.7

fzlw) =

so that f(d|w) is decreasing, f(s|w) is non-monotone, and f(i|w) is increasing.

Given this baseline structure, a greatest element h € H'? can be constructed message
by message. Since f(s|w) is non-monotone, we decompose the s-column to concentrate
on single states, yielding full revelation whenever s is observed. For d, we decompose
f(d|w) = (0.6,0.3,0.1)T into decreasing extreme rays, one for each cutoff k£ € {1,2,3};

13



symmetrically, we decompose f(ilw)T = (0.2,0.4,0.7)7 into increasing extreme rays.

Combining all three gives

| () () (doys) | () (s,92) (s,8) | (hy)  (we)  (irys)

Tl yle) = wi | 0.3 0.2 0.1 0.2 0 0 0.2 0 0
Y ws 0 0.2 0.1 0 0.3 0 0.2 0.2 0
ws 0 0 0.1 0 0 0.2 0.2 0.2 0.3

The structure h satisfies plausible deniability, and any h € H'P can be obtained as a
garbling of h. To see why, note that each column of & is an extreme ray, so the only
way to satisfy the monotonicity restrictions while preserving the column sums f(z|w) is to
produce a coarser decomposition — which is precisely a garbling. Hence A is a greatest

element in H"?, and the construction extends to any baseline structure f.

Proposition 1. A joint information structure h € H'P is a greatest element of H''? if and

only if. for every y € Y, each vector h(z,y|w) lies on an extreme ray of the relevant cone:

(i) for each d € D: h(d,y|w) is constant on {wy, ... ,w} and zero on {wy 1, ..., wy}
forsome k € {1,... . n};

(ii) for eachi € I: h(i,y|w) is zero on {wy, ..., wy_1} and constant on {wy,, . .., wy,} for
somek € {1,...,n};

(iii) for each s € S: h(s,y|w) is concentrated on a single state, i.e., positive at some wj,

and zero elsewhere.

Notice Proposition 1 does not identify a unique greatest element in 7, as the choice
of y-labels is arbitrary. Nevertheless, any PD-greatest structure / induces a simple posterior
geometry: conditional on (s,y) with s € S, the state is fully revealed; conditional on
(d,y) with d € D, the posterior is the prior conditioned on a lower tail {wy, ...,ws}; and
conditional on (i,y) with ¢ € I, the posterior is the prior conditioned on an upper tail
{wi, ..., wn }

Furthermore, PD-greatest structures need not satisfy secrecy: in Example 1, the y-
marginal of  depends on w, so h ¢ HSPP. We therefore turn next to analyzing the impli-
cations of secrecy alone, to understand how it constrains the joint structure and how much

of the PD-greatest posterior geometry can be preserved once secrecy is imposed.
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3.2 Secrecy and Signal Representation

We start by introducing a family of joint information structures that satisfy secrecy, and
then show that any secrecy-preserving structure is Blackwell dominated by a member of
this family. This construction relies on the signal representation of information structures
introduced by Green and Stokey (2022). Let 7' = [0, 1] be endowed with the Lebesgue

measure .

Definition 4 (Green and Stokey (2022)). Given an information structure f : Q — A(X)
with a finite set X, a mapping v : Q x T — X is a signal representation of f if (w,-) is

measurable for all w € ) and

1
/ H{y(w,t) =z} dt = f(zlw), VeeX, we. (2)
0

A signal representation naturally uses the continuum 7" = [0, 1], while the joint in-
formation structures in H have finite message spaces. We therefore first associate each

representation v with an intermediate joint object over X x T'. For each state w, define
§o(r, tlw) = Hp(w, ) = x}.
Formally, &, is the density of a probability measure on X x 71" given by
P,({z} xT') := /\({t eT :Y(w,t) = x}),

for every x € X and every measurable set 7’ C 7. By (2), the X-marginal of ¢, is
exactly f. Furthermore, because ) &y(@, tlw) = > o H{(w,t) = 2} = 1 for every
t € T, the T-marginal is uniform on [0, 1] and hence independent of the state. Thus, &, is
a convenient intermediate object satisfying secrecy.

To further construct a joint information structure with a finite message space, we dis-
cretize the T'-coordinate in the coarsest way that preserves the information contained in
the representation. Since 2 and X are finite, there are at most | X ||l distinct mappings
from 2 to X. Partition 7" into equivalence classes by grouping together ¢ and ¢’ whenever
(-, t) = (-, 1'). Associate each equivalence class with a distinct realization y € Y, and

denote the resulting finite partition of 7" by {7}, },cy. Define

hy (2, y|w) ::/T Ep(z, tlw) dt :/ H{(w,t) =z} dt.

Ty
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Then hy : 2 — A(X x Y') belongs to H, and is Blackwell-equivalent to &;. It inherits

the baseline marginal condition from &, and it is secrecy-preserving because the marginal

probability of each y is
> holal) = [ 3 uletiw de = X(T,).
zeX 7y zeX

which is independent of w.

Definition 5. A joint information structure h : Q — A(X x Y) is signal-based if there
exists a signal representation 1 : Q0 x T' — X of f such that h = hy,.

A Graphical Illustration Next, we provide a graphical illustration of the signal repre-
sentation and the construction of signal-based joint information structures.

Intuitively, viewing each realization in X as a distinct color, a signal ¢ “paints” the unit
interval, creating a colored line for each state w. The condition in (2) simply requires that
the total length painted with color x in state w equals f(z|w).

Consider the baseline structure f in Example 1. Figure 2 illustrates one possible sig-
nal ¢ representing this f. Each row corresponds to a state w;, where the length of the
segment assigned to = exactly matches f(x|w;). As established above, this continuum ob-
ject naturally reduces to a joint information structure. The interval [0, 1] is partitioned into
five distinct equivalence classes, y; through y5, determined by the vertical alignments of the
segments. Within any region y;, the mapping (-, t) is identical for all ¢ € y;. For instance,

ony; = [0,0.1), the signal assigns 1)(w;,t) = d for all three states. Thus, the signal-based

joint information structure is implemented with a finite message space Y = {y1, -+ ,ys}.
A Y2 Y3 Ya Ys
w1 d I s 1
W9 d 1 s | .
w3 al s 1 i

Figure 2: A Signal Representation and Joint Information Structure

The specific arrangement in Figure 2 is only one of many possible representations. The

sender can freely rearrange, split, or redistribute the segments within each row, as long as
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the total length assigned to each realization = remains unchanged. Each such rearrangement
induces a distinct signal-based joint information structure that preserves secrecy. Conse-
quently, the sender’s problem of choosing among signal-based structures is equivalent to
choosing a partition of the unit interval for each state. Our next result shows that this
restriction is without loss of generality for the sender’s goal: for any secrecy-preserving

structure, there exists a signal-based structure that Blackwell dominates it.

Proposition 2. For any joint information structure h : Q — A(X X Y') that satisfies

secrecy, there exists a signal-based structure h that is Blackwell more informative.

Proposition 2 is closely related to Theorem 1 of Strack and Yang (2024); see Section 5.1
for a detailed comparison and for an explanation of how it can be obtained by reformulating
our problem in their framework. We provide a direct proof to keep the argument self-
contained and to express the reduction in signal-based terminology.

A signal-based structure satisfies secrecy, but the converse is not true: a general secrecy-
preserving joint information structure need not arise from a signal representation. The in-
tuition is easiest to see from the special case in which Y is independent of X and has a
state-independent marginal distribution. Such a structure is secrecy-preserving, but need
not be signal-based. A signal-based structure can preserve the sender’s state-independent
marginal distribution while coupling Y with the baseline message through a signal repre-
sentation. The sender’s message remains uninformative on its own, but the joint observa-
tion (X, Y’) becomes more informative about the state. Proposition 2 shows that this logic
extends generally: every secrecy-preserving joint information structure is dominated by
a signal-based one, so signal-based structures are sufficient for characterizing the secrecy
frontier.

Consequently, identifying the maximally informative secrecy-preserving structure re-
duces to determining how the colors (z) and locations () of the segments can be arranged
to maximize informativeness. In particular, if at every location on the interval the as-
signed color differs across all states, then observing the color and location together per-
fectly identifies w. Such a perfectly revealing arrangement is feasible if and only if the total
length required for each color across all states does not exceed one (i.e., > f(z|w) < 1).

Cavounidis et al. (2025) formalize this observation.

Proposition 3. [Cavounidis et al., 2025, Theorem 1] There exists a secrecy-preserving
Jjoint information structure that fully reveals the state if and only if >  f(xz|w) < 1 for
everyx € X.
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When this condition fails, we show in Appendix C that the coloring intuition yields a
tractable characterization of the secrecy frontier in the binary-state case. However, with
three or more states, the frontier may include structures that assign overlapping regions to
a given color across states, even when a non-overlapping arrangement is feasible. This lack
of structure makes a full characterization of the secrecy-only frontier difficult. In contrast,
as we show in the next section, imposing plausible deniability in addition to secrecy sub-
stantially sharpens the structure of the problem and yields a tractable characterization of

the frontier and optimal communication strategies.

4 The Information Frontier and Optimal Communication

In this section, we characterize the information frontier under both secrecy and plausible
deniability, and show that it is attainable by a signal-based structure with a simple posterior
geometry. We then provide conditions under which the optimal communication strategy,

HSPD

1.e., a greatest element of exists and can be constructed in a tractable manner.

4.1 The Information Frontier

Let h: Q — A(X x Y) be a signal-based joint information structure. By construction, for
each (z,y), the likelihood vector h(z, y|w) takes only two values across states: either zero
or some constant c. Consequently, satisfying plausible deniability requires that the support
of h(x,y|w) be aligned with the monotonicity of f(z|w).

In particular, for x € D U I, i.e., when the plausible deniability constraint is active,
h(z,y|w) must lie on an extreme ray of the decreasing or increasing cone. Notice that the
signal-based structure constructed in Figure 2 satisfies this property, and therefore consti-
tutes a joint information structure that satisfies both secrecy and plausible deniability. In
this section, we establish that every frontier point of H°? admits a Blackwell-equivalent

signal-based representation satisfying this monotonicity restriction.
Theorem 2. Every h € HFP is Blackwell dominated by some signal-based h € HSFD,

The proof of Theorem 2 combines the insights from the characterization of plausible
deniability with the signal representation of secrecy. Fix any h € H°FP. By Proposition
2, there exists a signal-based structure h that is Blackwell more informative than k. The

remaining step is to show that h can be chosen to satisfy the monotonicity restrictions in

18



Theorem 1. The key observation is that, for each x € D U [ and each vy, the likelihood
vector h(z,y|-) is monotone and hence admits a unique decomposition into extreme rays
of the corresponding cone (similar to Proposition 1). By constructing h so that each refined
signal realization implements one such extreme ray, we preserve the original probability
h(z,y|w) while ensuring that % satisfies the monotonicity restrictions.

Theorem 2 implies that, when analyzing the information frontier under secrecy and
plausible deniability, there is no loss of generality in restricting attention to signal-based
structures. Indeed, let b € HFP be a frontier point. By Theorem 2, there exists a signal-
based h € HSFP that Blackwell dominates h, and hence h dominates h. Because h is a
frontier point, this dominance cannot be strict. Therefore h and  are equivalent under the

dominance order.

Corollary 1. For every frontier point h € H°FP, there exists a signal-based structure

h € HSFD such that h is equivalent to h under the dominance order.

Corollary 1 therefore establishes that, for the purpose of analyzing the frontier of H°7,
there is no loss in working with signal-based structures. Within this class, the posterior
geometry is especially simple and closely parallels that of PD-greatest structures for direc-
tional messages. For messages in D and I, each realized signal induces a likelihood vector
lying on an extreme ray of the decreasing or increasing cone. Hence the induced posterior
is the prior conditional on a lower or upper tail of states, respectively.

The main difference arises for non-monotone messages. In a PD-greatest structure, ob-
serving such a message can fully reveal the state. Under secrecy, however, full revelation
need not remain feasible, because secrecy may require overlap in the segments assigned
to the same non-monotone message across states. Consequently, within a signal-based
frontier representative, the posterior following a non-monotone message need not be de-
generate, although it is still given by the prior conditional on some subset of states. This
observation suggests that tractability hinges on limiting the number of non-monotone mes-
sages. We therefore turn next to directional and almost-directional structures, where there

is at most one such message.

4.2 Almost-Directional Baseline Structures

We next restrict attention to baseline information structures with at most one non-monotone

message.
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Definition 6. The baseline information structure f : Q — A(X) is directional if S = (),
i.e., if every message is either increasing or decreasing in w. It is almost-directional if

|S| <1, i.e., if there is at most one non-monotone message.

Directional and almost-directional structures are natural benchmark classes for appli-
cations. In many environments, most messages have a clear directional interpretation, in
the sense that observing them shifts beliefs systematically toward lower or higher states,
while irregularity arises only through a small number of exceptional messages. Restricting
attention to at most one non-monotone message therefore still allows for meaningful de-
partures from full monotonicity, while ruling out environments in which irregularities are
pervasive across many messages. This restriction remains broad enough to cover important
low-dimensional cases. In particular, when | X| < 3, any information structure satisfying
the monotone likelihood ratio property falls into this class.

Our next result shows that, when the baseline structure is almost-directional, the opti-
mal communication strategy can be constructed in a tractable manner through the signal

representation. In particular, consider the following family of signal-based structures.

Definition 7. A signal representation ¢ : Q2 x T — X of f is direction-ordered if there
exist functions Ty, Ty : Q — [0, 1], with T (w) < Ty(w) for all w € €, such that

l)7 lft < Tl(U.)),
Y(w,t) €4S, ifTi(w) <t < Thw), 3)
I, ifT(w) <t

Note that, by likelihood monotonicity, both 7} and 75 are decreasing in w. The signal-
based information structure depicted in Figure 2 is induced precisely by a direction-ordered
representation. Our next result shows that this structure is a greatest element of 777, and

therefore an optimal communication for the baseline structure in Example 1.

Theorem 3. Suppose the baseline information structure f is almost-directional. Then there

exists a direction-ordered representation ) of f such that h, is the greatest element of
fHSPD

Theorem 3 shows that, when the baseline structure is almost-directional, an optimal
communication can be constructed explicitly and tractably. When D and I each contain

multiple messages, it is enough to arrange the three classes in the order D < S < [ along
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the signal space. The individual messages within the D- and /-regions can then be assigned
so that each satisfies the monotonicity condition required by plausible deniability. Figure 3
illustrates this class-level construction in a three-state example. The same idea extends to

any finite state space.

Y Y2 Ys Ys4 Y5 Yo Yr Ys Yo

w1 dil dao ldildzl S | IS )
%) dil da ldil 5 sl i1 iz
w3 dy | da 1 S | I ST 50 AT )

Figure 3: A direction-ordered signal representation with multiple messages in D and [

4.2.1 Sketch of the Proof of Theorem 3

We illustrate the proof of Theorem 3 in the case of three states and three signals X =
{d, s,i}, as in Example 1, where d and i are the monotone messages and s is the unique
non-monotone message. By Theorem 2, it suffices to restrict attention to signal-based
structures satisfying the monotonicity requirements imposed by plausible deniability. In
particular, for each y, if a higher state is assigned message d, then every lower state must
also be assigned d; symmetrically, if a lower state is assigned ¢, then every higher state must
also be assigned 7. Moreover, after a relabeling of the y-axis, which is Blackwell equivalent,
we may assume without loss of generality that the d-regions are left-aligned across states.
This rearrangement preserves the monotonicity condition, as f(d|w) is decreasing in w.

It therefore remains to show that, within each state, whenever an i-region lies to the
left of an s-region, the two regions can be repositioned so as to yield a joint structure that
dominates the original one. We consider three cases, according to the state in which this
misalignment occurs. Since the regions are induced by Lebesgue-measurable subsets of 7',

there is no loss in the arguments below by treating them as intervals of equal measure.

Misalignment in w;.  Suppose that, in w;, some i-region lies to the left of some s-region.
Then a relabeling of the corresponding messages yields a Blackwell-equivalent structure in
which that i-region is moved to the right of that s-region. Hence any misalignment in w;

can be removed without changing informativeness.
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Misalignment in w,. Suppose that, in wy, some i-region y lies to the left of some s-region
y', with y < ¢/. Plausible deniability implies that y must also be assigned i in w3, while
y’ must be assigned s in w; and either s or i in w3. Since w; has already been aligned, y
must be assigned either d or s in w;. We illustrate the configuration shown in Figure 4;
the remaining configurations follow by either a similar argument, or a relabeling as in the
previous case.

Given the original joint structure in Figure 4, now construct a new joint structure by
exchanging the - and s-regions in w,. This is feasible because the two regions have equal
measure. The resulting structure is strictly more informative in the Blackwell sense. In-
deed, starting from the new structure, one can recover the original one by a garbling that
relabels (s,y) as (s,y), (4,y) as (i,v), and (i,9') as (4, y), leaving all other realizations

unchanged. Thus, the new structure Blackwell dominates the original one.

Original , New ,

Y Y Y Y

w1 d | S w1 d 1 S
) ) | S Wa S | )
w3 ) | 7 w3 7 | )

Figure 4: A case of misalignment in wo

Misalignment in ws. Suppose that, in w3, some i-region y lies to the left of some s-
region ¢/, with y < 7/. Plausible deniability implies that 3’ must be assigned either d or
s in both w; and w,. Since w; and w, are already aligned, it follows that y must likewise
be assigned either d or s in those states. We focus on the configuration shown in Figure
5 because it requires a dominance argument tailored to single-crossing preferences, rather
than standard Blackwell dominance as in the previous cases. The remaining configurations
can be handled by Blackwell arguments analogous to those used above.

Given the original joint structure in Figure 5, construct a new joint structure by ex-
changing the i- and s-regions in state ws. The only difference arises when s is observed: in
the original structure, observing s either isolates the intermediate state ws or is uninforma-
tive, whereas in the new structure it induces a cutoff comparison around w,. For arbitrary

preferences, either form of information could be more valuable, so the two structures are
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not Blackwell comparable. Nevertheless, we show next that the new structure dominates
the original one, in the sense that it yields a higher expected payoff for every v € U. The
key intuition is that single crossing preserves the ranking of actions in the direction of the
state: an upward action adjustment that is valuable at an intermediate state remains valuable
at higher states. Thus, the new structure can relocate such an adjustment from ws to ws,

where it remains valuable by single crossing. The case of a downward action adjustment is

symmetric.
Original New
Yy Yy Yy
! d I s w1 d I s
W2 s I s W2 s | S
w3 1 1 s w3 s 1 i

Figure 5: A case of misalignment in ws

Fix any receiver’s utility function v € U. Under the original structure, let ay4, a,, and a;
denote the receiver’s optimal actions following messages (d,y), (s,y), and (7, y), respec-
tively. The receiver’s optimal action following message (s,y’) is ag, since her posterior
coincides with the prior. Suppose as > ag; the opposite case is symmetric.

Under the new structure, consider the following action rule for the receiver: choose ay
following (d, y), a, following (s, y), ao following (s,y’), a; following (i, y), and the same
actions as in the original structure for all other realizations. Because y and 3’ have the same
measure, the receiver’s expected payoff under this action rule in the new structure is the
same as under the optimal rule in the original structure for every state except ws. Thus, the

comparison depends only on the following difference:
u(as, ws) — u(ag, ws).

Since a; is optimal for the receiver in state ws, we have u(ags,wo) > wu(ag,wsz). By
single crossing, this implies u(as,ws) > u(ag,ws). Hence, the new structure yields a
higher expected payoff for the receiver under the action rule described above, and therefore
also under the optimal rule. Since this holds for every u € U, the new structure dominates

the original one.

23



Repeating these operations eventually produces a direction-ordered structure, since all
i-regions are moved to the right of all s-regions. The proof of Theorem 3 shows that the
same logic extends to more than three states through an induction over states. Once the re-
gions have been ordered for lower states, any remaining misalignment at the next state can
be removed by swapping equal-measure pieces. Although the possible configurations at an
intermediate state are more varied than in the three-state example, they are all handled by
the same three types of arguments illustrated above: relabeling, Blackwell-improving rear-
rangement, or a dominance-improving rearrangement justified by single crossing. Starting

fHSPD

from an arbitrary h € , iterating this induction yields a direction-ordered representa-

tion that dominates the original structure.

4.3 Beyond Almost-Directional Baseline Structures

When the baseline structure contains more than one non-monotone message, plausible de-
niability imposes no restrictions on those messages. As a result, the same intractability
that arises under secrecy alone reemerges as the central bottleneck. In particular, the key
swapping operation that yields a dominating structure in the almost-directional case need
not yield a dominating structure when multiple non-monotone messages are present.
Consider the structure in Figure 6, which contains two non-monotone messages, s; and
s9. To obtain a direction-ordered structure, one would need to swap the ¢- and s;-regions in
state ws. However, the resulting structure needs not dominate the original one. To see this,
let a; denote the receiver’s optimal action in state w;, and let a denote the receiver’s optimal
action following message (s1,y) under the new structure. Consider the following action
rule under the original structure: choose the optimal actions following (-, y), a; following
(s1,'), as following (s2,%’), and the same actions as in the new structure for all other
realizations. The receiver’s expected utility under this action rule in the original structure

exceeds her payoff under the optimal rule in the new structure if and only if

f(wa) [u(as, wa) — u(a,ws)] > plwr) [u(ar, wr) — u(a,w)].

This inequality can hold under single crossing when the payoff loss from choosing a rather
than the statewise optimum as is large in w,, while the loss from choosing a rather than
ay is comparatively small in w;. Single crossing permits such cardinal differences as long
as the induced action rankings move monotonically with the state. Hence, the swapping

operation that leads to a direction-ordered structure in the almost-directional case need not
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yield a dominating structure here.

Original | New

Y Y Y
w1 d | S1 w1 d | S1
w2 S1 | 52 Wo S1 | 52
Ws 7 | S1 ] S1 | )

Figure 6: Counter example with multiple non-directional messages

The previous discussion illustrates how the presence of multiple non-monotone mes-
sages can complicate the problem. Nevertheless, the joint structure in Figure 2 remains
optimal even if the message s is further split into multiple non-monotone messages. The
key observation is that, after the D- and /-regions are left- and right-aligned, respectively,
the remaining non-monotone regions do not overlap across states. As a result, observing
any non-monotone message together with its location fully reveals the state, regardless of
how many non-monotone messages there are. The induced structure therefore coincides
with the greatest structure satisfying plausible deniability alone. In other words, this is a
case in which the PD-greatest structure can be implemented while preserving secrecy. The

next theorem provides a sufficient condition on the baseline structure for this to happen.

Theorem 4. The PD-greatest element in H''P can be implemented by a secrecy-preserving

joint information structure, and hence is also a greatest element of H"P, if

S Flskon) < min S [l 1) — ()], S (i) = flikor)] V1< k<.

ses deD el

The condition in Theorem 4 has a simple interpretation. At each interior state wy,
the total mass of non-monotone messages must fit within the local slack created by the
monotone classes on either side. This slack is determined by the decrease in D-mass from
wi_1 to wy and the increase in /-mass from wy to wy 1. Thus, the PD-greatest structure
remains feasible whenever non-monotone messages are sufficiently sparse relative to the
directional variation in the monotone classes.

This result can be viewed as a counterpart to Theorem 1 in Cavounidis et al. (2025)
(Proposition 3) under the additional constraint of plausible deniability. There, full revela-

tion under secrecy is feasible if and only if, for each message , the total mass )  f(z|w)
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does not exceed one, so that the realizations of x can be made disjoint across states.
Here, rather than requiring global disjointness for every message, it is enough that the
non-monotone regions can be separated across states using the local slack generated by
the monotone classes. If the condition fails, the PD-greatest structure need not be imple-
mentable by this construction. Nevertheless, when there are multiple non-monotone mes-
sages, it may still be possible to arrange them across the signal space so that they do not
overlap across states. This possibility points to a richer combinatorial structure governing
how non-monotone messages can be placed while preserving both secrecy and plausible

deniability.

5 Discussions

5.1 Relation to Privacy Constraints and Independence Restrictions

Our secrecy constraint is closely related to the privacy constraints studied in Strack and
Yang (2024) and He et al. (2026). All three papers characterize the maximally informative
information structures subject to independence restrictions. The formal similarity is that,
in each case, some random variable must remain statistically independent of another. The
difference lies in which variables are protected and in how informativeness is evaluated.

To see the connection with Strack and Yang (2024), fix a joint information structure / :
2 — A(X xY') whose marginal on X is the baseline information structure f. Equivalently,
write h(z,y|lw) = g.(y|w)f(x|w), where g, (-|w) is the conditional distribution over the
sender’s message given the state w and the baseline message x. The secrecy constraint can
then be written as ) g.(y|w) f(z|w) = g(y) for all y and w.

This constraint can be embedded into the framework of Strack and Yang (2024) by
enlarging the state space to = Q x X with prior [i(w,z) = p(w)f(z|w). The sender’s
message is then generated from Q according to the kernel g, (-|w), where x is the baseline-
message component of the enlarged state. If the protected attribute is 0(w, ) = w, then
privacy preservation with respect to 6 is equivalent to our secrecy requirement.

The key difference from Strack and Yang (2024) is the informativeness criterion. Un-
der this embedding, Strack and Yang (2024) ask how informative the privacy-preserving
message y can be about the enlarged state (w, ), and compare such messages using the
Blackwell order over €. In our model, by contrast, the evaluated object is the joint obser-

vation (x,y), and its informativeness is measured with respect to only the state w. This dis-
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tinction is substantive. If one restricted the decision problems in Strack and Yang (2024) to
payoffs that depend only on the protected attribute §(w, =) = w, then all privacy-preserving
messages would be equivalent, since they leave beliefs about § unchanged. In our model,
even when the receiver’s payoff depends only on w, the design problem remains nontrivial
because different choices of the dependence between X and Y change their joint informa-
tiveness.

The embedding also clarifies the connection between Proposition 2 and Theorem 1
of Strack and Yang (2024). In the enlarged state space, the non-protected component is
the baseline message =, whose conditional distribution given the protected attribute w is
f(-]w). A Green—Stokey signal representation ¢ :  x T" — X represents exactly this
conditional distribution. Thus, the location ¢ € 7' plays the same role as the conditional
quantile of the non-protected component in the reordered-quantile construction of Strack
and Yang (2024). Their Theorem 1 shows that every privacy-preserving signal is Blackwell
dominated by such a reordered-quantile signal. Under the embedding above, this implies
our Proposition 2, since the Blackwell order they use over Qis stronger than the criterion
used here.

The relation to He et al. (2026) can be stated most clearly in terms of the independence
restrictions imposed on the three random variables (€2, X, Y"). When restricting attention
to Blackwell information orders, our paper and He et al. (2026) use the same notion for
evaluating the informativeness of (X,Y") about the state w. The key difference lies in the
independence constraint. In He et al. (2026), private-private information requires X and Y
to be independent, while secrecy in our model requires Y and €2 to be independent. This
difference is crucial, since the value of the sender’s message in our model comes precisely
from its dependence on X. Furthermore, our main dominance criterion is weaker than
Blackwell dominance, since it compares information structures only under utilities in /.
Thus, relative to the Blackwell-Pareto frontier in He et al. (2026), our frontier problem
differs first in the independence restriction and then in the weaker, preference-restricted

criterion used to evaluate informativeness.

5.2 Additional Discussions on Modeling Assumptions

On the Possibility of Repeated Observations Our model assumes that, while the marginal
distributions of the baseline message x and the sender’s message y conditional on the state

are publicly observable or verifiable, their joint distribution is shared only between the
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sender and the receiver. This assumption is innocuous in a one-shot environment: the out-
side observer sees only a single realization and therefore cannot infer the joint distribution.
A subtle issue arises only when the same joint information structure is interpreted as being
used repeatedly. Repeated observations may be needed to verify the marginal distribu-
tions, for example to confirm that the sender’s message is indeed secret. Yet, if the same
joint distribution were used repeatedly and both x and y were publicly observed, repeated
observations could eventually reveal their dependence.

The relevant repeated environments are therefore those in which the marginals are rou-
tine and publicly verifiable, but the dependence between the two messages need not be
fixed or publicly learnable across occasions. In such environments, f and g describe or-
dinary messages that are repeatedly generated and publicly observed. The state may cor-
respond to sensitive information that the sender’s public message is required not to reveal
on its own, whether for legal, institutional, or strategic reasons. Each message therefore
looks ordinary in isolation: the baseline message follows its usual distribution, and the
sender’s message follows its usual public distribution. What may vary across occasions
is whether, and how, these two messages are correlated. The model captures the possi-
bility that, against this background of routine behavior, the sender and receiver use the
hidden dependence between x and y to transmit additional information without changing
the marginal distribution of either message.

For example, a firm’s CEO may regularly issue public updates, while a trader regularly
receives market news from a particular source. Even if the CEO’s public communication
is constrained not to reveal the firm’s future prospects on its own, its hidden correlation
with the trader’s news may still convey useful information. This is a natural form of covert
communication under realistic constraints: the channel operates through correlation rather
than through changes in publicly observable behavior, which is precisely what allows com-
munication to remain secret and plausibly deniable.

Even in repeated communication, the model need not be interpreted as using the same
joint structure in every round. The sender and receiver may update their codebook after
each round, or after a small number of rounds, while preserving the publicly observable
marginals. This does not require new private communication before each instance. Instead,
they may agree in advance on a sequence of relabeling rules, so that subsequent communi-

cation takes place entirely through the public channel.” To an outside observer who does

7 Arbitrary relabelings of named messages need not preserve the marginal distribution of Y, but the signal-
representation formulation provides a convenient implementation. For a signal-based structure, [0, 1] can
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not know the relabeling rule, repeated observations of (z,y) are therefore generated by a
sequence of independent but non-identical joint information structures, rather than by re-
peated draws from a single fixed joint distribution. Thus, repeated observations can make
the marginals verifiable without necessarily making the dependence used in any particular

instance identifiable.

On the Single-Crossing Assumption The single-crossing assumption is meant to cap-
ture the intuitive ordinal idea that higher states favor higher actions, while keeping the
receiver’s utility sufficiently flexible. This flexibility is central to the tractability of plausi-
ble deniability. Under single crossing, the rationalizable actions following a message can
be read directly from the shape of its likelihood: decreasing likelihoods rationalize lower
actions, increasing likelihoods rationalize higher actions, and non-monotone likelihoods
are flexible enough to rationalize all actions. This yields the simple monotonicity-based
characterization in Theorem 1.

This tractability would generally be lost under stronger restrictions on utility. For ex-
ample, with increasing differences, plausible deniability would be characterized indirectly
through first-order stochastic dominance comparisons between the posterior and the prior,
rather than directly through likelihood monotonicity. If the receiver’s ordinal preference
over state-action pairs were publicly known and only cardinal intensities were private, ra-
tionalizability would become even more action-specific: a message could rationalize an
action only if it shifts likelihood toward states where that action is ordinally favored rela-
tive to the relevant alternatives. Thus, stronger utility restrictions would replace the sim-
ple monotonicity-based classification of messages with more detailed posterior- or action-
specific comparisons.

In this sense, single crossing hits the right balance for our purposes. It imposes mean-
ingful discipline on the receiver’s behavior while preserving enough flexibility to obtain a
tractable characterization of plausible deniability and the results developed above. We view
the characterization of plausible deniability and optimal communication under stronger

utility restrictions as an interesting question for future work.

be partitioned into equal-measure cells, each corresponding to a realization of a refined sender’s message.
Relabeling these cells preserves the marginal distribution over the refined message space. By Theorem 2,
restricting attention to signal-based structures is without loss for the sender’s frontier problem.
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6 Conclusion

This paper studies communication when secrecy of the message does not guarantee secrecy
of its use. A message may be statistically uninformative to outsiders, yet the action it in-
duces may reveal that hidden information has been received. This creates a second design
problem: the receiver’s response must remain justifiable without invoking the message it-
self. We formalize this requirement as plausible deniability and show that, together with
secrecy, it imposes a sharp geometry on feasible communication. At the frontier, infor-
mative refinements are disciplined by the receiver’s baseline information; and, in the cases
where a greatest feasible structure exists, the receiver learns interval information about the
state. The result is a theory of how much information can be conveyed while keeping both
the message and the receiver’s response defensible to outsiders.

The same logic points to a positive role for secrecy and plausible deniability in protec-
tive information design. In reporting, compliance, whistleblowing, and related institutional
settings, the goal is often to let sensitive information guide action without exposing the
person or channel through which it was conveyed. A reporting protocol should therefore
do more than hide the report itself: it should also allow any subsequent intervention to
be justified on independent grounds. The framework developed here provides a way to
study this tradeoff between informativeness and protection. A natural direction for future
work is to apply the framework to specific institutional settings, where one can study how
the design of reporting channels, interventions, and source protections shapes the feasible

informativeness of communication.

Appendix

A Proofs for Section 3

A.1 Proof of Lemma 1

Proof of Lemma 1. If. Fix (z,y) € supp(h) and v € U. By definition, a, ,(u) € Rp(z,y).
Then Ry (z,y) € Ry(x) implies that a,,(u) € Ry(x). Therefore, there exists @ € U
such that a, ,(u) is optimal under the posterior induced by x and utility @. Thus, & satisfies

plausible deniability.
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Only if. For any (z,y) € supp(h) and a € Ry(z,y), there exists u € U such that a
is optimal under the posterior induced by observing (x,y) for the utility function u. By
plausible deniability, there exists & € U such that a is also optimal under the posterior
induced by observing z for the utility function u, i.e., a is rationalizable at = under f and
a € Ry(z). Thus, Ry(x,y) C Re(x). O

A.2 Proof of Lemma 2

To prove Lemma 2, we introduce the notion of single-crossing incremental returns.® For-

mally, define
R ={reR?: W >w,rw) > (>)0 = r') > (>)0}

as the set of all real-valued single-crossing functions. Each element r € R%“ is called a
single-crossing incremental return. Hence, a utility function w satisfies SCP if and only if

u(a’,w) — u(a,w) € R forall ’ > a. Next, define
R, = {7" c R . Zr(w)p(w) < O} and R} = {r € R Zr(w)u(w) > O}

as the subsets of single-crossing incremental returns with negative and positive expectations
under prior u, respectively. The next lemma characterizes rationalizability using single-

crossing incremental returns.

Lemma A.1. Given an information structure ¢ : Q@ — A(Z), a message realization z € Z

and an action a > ag, a € Ry(2) if and only if there exists r € R, such that

> r(@)o(zlw)u(w) > 0. (A1)

w

Symmetrically, for any action a < ag, a € Ry(2) if and only if there exists r € R:{ such

that the reversed version of the above weak inequality holds.

Proof of Lemma A.1: Without loss, we focus on the case when a > ay.

Only if. Since a € R,(2), there exists u € U such that a is optimal upon observing z.
Define r(w) = u(a,w) — u(ag,w). Thenr € R and (A.1) follows.

8See Athey and Levin (2018).
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If. By r € R, and (A.1), there exists @ such that r(w) < 0 for all w < @ and r(w) > 0 for
all w > @. Define an utility function u : A x {2 — R as

r(w), ifa > a,

r(w)/2, ifa>a> a,

u(a,w) == < 0, if a = ay,
€1, ifa<ag,w<w
—€9 ifa <ag,w>w

where €1, €5 are positive and satisfy

€2 Zw<w M(w) Zw<w ¢(Z|w):u(w>
q { Yo 1) T Ol () } ' (A2

Note that } . p(w) # 0 because the prior has full support and } - ¢(z|w)pu(w) # 0,
otherwise (A.1) cannot hold. Thus, RHS of (A.2) is finite. The choice of €, €5, together
with » € R and (A.1), implies u satisfies SCP, ay is uniquely optimal under x and a is

optimal conditional on z. Thus, a € R4(2). N

Remark 1. The utility constructed in the proof is deliberately simple and may exhibit large
sets of indifferent actions, and intermediate actions between a and aq are optimal only
when indifferent to a. This is purely an artifact of the convenient normalization used in the
proof.

If one prefers a more generic construction, one can proceed by fixing the same cutoff
state w and constructing all adjacent incremental returns with this same cutoff. In this
case, every pairwise difference is a positive sum of same-cutoff single-crossing functions
and hence satisfies SCP. By choosing the magnitudes of these incremental returns appro-
priately, one can ensure that their expectations change sign at different thresholds of the
tail probability Pr({w > w}). This yields a single-crossing utility under which all actions
can be made uniquely optimal at suitable beliefs.

Proof of Lemma 2. Fix z. Denote q(w) := ¢(z|w) and n(w) := % as the poste-
rior upon observing z.
(i) and (ii). We prove (i), and (ii) follows symmetrically. Suppose ¢(w) is decreasing and

non-constant in w.
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Towards a contradiction, suppose a € R4(z) but a > ay. By Lemma A.1, there exists
r € R, such that (A.1) holds. Let @ := min{w : r(w) > 0} so that 7(w) < 0 forallw < &
and r(w) > 0 for all w > w. Write r = r* — r~, where r(w) := max{r(w),0} and
r~(w) := max{—r(w),0}. Note that

Y u@aw)rw) =Y pw)aw)rt (@) = nw)g(w)r ()

w>w w<w

< @) S ) ) = X pte)r )

w>w w<w

— 4@) 3 ulw)r(w),

where the inequality follows since ¢ is decreasing. Because r € R, > p(w)r(w) < 0. If
q(w) > 0, then it follows that ) /1(w)g(w)r(w) < 0, which contradicts (A.1). If ¢(w) = 0,
then g(w) = 0 for all w > @, so that ) pu(w)q(w)r(w) = = > o p(w)g(w)r~(w) < 0.
Again, it contradicts (A.1). Thus, Ry(z) C {a:a < ap}.

Since ¢ is non-constant and decreasing, there exists @ such that ¢(w’) > ¢(w) > g(w)

for all w’ < @ and all w > @. Then, we have

<Z u(w)> - (Z q(w)u(w)> < (Z u(w)> : (Z u(w)) g(@) < (Z u(w)> : (Z q(w)u(w)> :

w<w w>w w<w w>w w>w w<w

Using > ., (W) + > 5 #(w) = 1, we can rearrange the above inequality:

Y awinlw) < (Z u(@) : (Z g(w)p(w) + Y Q(W)M(W)> :

w>w w>w w<w w>w

So we have } . n(w) < > ., p(w). Pick ¢ > 0 such that 3 . n(w) < ¢ <
> uso H(w), and define r(w) := 1{w > &} — ¢. Thus, r € R, Moreover, it holds that
Yoo T(Wp(w) = > sp (w)—c > 0, thus, 7 € RT. Onthe otherhand, ) r(w)g(w)p(w) =
(Xuse n(w) —¢) 3o, m(w)q(w) < 0. By Lemma A.1, any a < aj is rationalizable at z.
The case when a = qj is straightforward. Hence, {a : a < ap} C R4(z). This proves (i).

(iii). If g(w) is constant in w, the posterior is the same as the prior. For all u € U, ag is

uniquely optimal under the prior. Thus, R4(z) = {ag}.

(iv). Suppose ¢(w) is non-monotone in w. We show that A C R4(z). Consider any action
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a > ap. By Lemma A.1, it suffices to construct a r € R; such that (A.1) holds. Since ¢
is not decreasing, there exists ¢ < j such that ¢(w;) < g(w;). Let P := {w : w < w;} and
Q :=Q\ (PU{w;,w,}).’ Define

—e, ifweP,

-1, ifw=uw,,
r(w) =

M, ifw=uwj,

€, ifwe Q.

where €, M > 0. Then, r € R5C, and we have

D uw)rw) = (@) — u(P)] = plwr) + Mp(w;),

> pw)g(w)r(w) =€ (Z pw)g(w) = M(W)C.I(W)> — p(wi)q(ws) + M p(w;)g(w;).

weQ weP

Choose M satisfying

()a(w) = € (Loeq #e)a(w) = Soep u(@)a@)) oy ) — (@) — p(P)]
(w;)g(w;) (w;)

Such an M exists for all sufficiently small € > 0, because as ¢ — 0, the left and right hand

sides converge to

With the above choice of M, it holds that

Zu(w)r(w) <0, and Zu(w)q(w)r(w) > 0.

Thus, r € R, and ), p(w)q(w)r(w) > 0. A symmetric argument applies to any a < a,
hence R4(z) = A. N

P and @ can be empty and the proof still applies.
Forany A C Q, u(A) := > c 4 m(w).
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A.3 Proof of Proposition 1

Proof of Proposition 1. We argue the case d € D;thecases: € [ and s € S are symmetric,
replacing C'” by the cone of nonnegative increasing vectors (extreme rays ex) and by R
(extreme rays ey), respectively.

For any joint structure ¢ and signal z, write ¢* := [¢(z|w1), ..., ¢(z|w,)]T. By Theo-

rem 1, every h®¥ with h € HPP lies in the cone of nonnegative decreasing vectors
cP ={veR} 1vy >0 > >0,},

whose extreme rays are spanned by e<, . . ., €<, where (e<;,); := 1{i < k}. Eachv € CP

has the unique telescoping decomposition

n

v = Z(Uk — Vkt1) €<k, Upi1 := 0. (A.3)

k=1

Applied to f4, this yields f¢ = >"}_, ¢, e<x with ¢, := f(d|wi) — f(d|wk11).

If. Let X xY be the signal space of h. By hypothesis, & W B(y) e<k(y) for some B(y) > 0
and k(y) € {1,...,n}; setting V), := {y € Y : k(y) = k}, the marginal condition and
uniqueness of (A.3) force >y, B(y) = c, for every k.

Now fix h € HTP with signal space X x Y. Applying (A.3) columnwise,

hdy—zak ect  arly) = hd,y|wr) — h(d,ylwpi1) > 0.

Summing over 3/ and using Y ., h*Y" = f* with uniqueness of (A.3) gives Y oy ax(y/) =
cy, for each k; in particular, oy, = 0 whenever ¢, = 0. Define y(d, ¥'|d, y) := au(y) (') /Cry)
when 5(y) > 0, with v(Z,y/|d,y) = 0 for & # d and v(+|d, y) arbitrary on {d} x Y when
B(y) = 0. Each y(-|d, y) is a probability measure, and

> h(d,ylw) v (d, y'd, y) = Z(Zﬂ )

yeY k:cp>0 \yeVk

<k(w) = h(d, y'|w).

As the same argument applies to all three cases, / can be obtained from & by garbling.

Only if. Let h € HTP be arbitrary. If h does not satisfy the conditions, then there exists
(x,y) € supp(h) such that h™ is not an extreme ray. Then it is feasible to replace y by y;
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and ys such that h™¥" and A™¥? are not aligned and h™¥' + h*¥2> = h*¥. Leaving the other
signals unchanged, this refinement is strictly Blackwell more informative than the original

one. O]

A.4 Proof of Proposition 2

Proof of Proposition 2. Let X = {xy,..., 2} and Y = {yi,...,yn}. Consider any joint
information structure i : 0 — A(X x Y') that satisfies secrecy. By secrecy, the Y -marginal
of h is independent of w. Define g(y;) := S, h(x;,y;|w), which is well-defined. Let
Gly;) = Zg/zlg(yj/) for j = 1,...,m, with G(y) := 0. Thus {G(y;)}}L, partitions
T =10,1].

We construct a signal representation ¢ : 2 x T — X as follows. Fix w € €. For each
jandeacht € (G(yj_1), G(y;)], define Y(w, t) = z; if

i—1

G(yj-1) + Z h(xi, yjlw) <t < G(y;—1) + Z h(wi, yjlw).

=1 i'=1

That is, within each interval corresponding to y;, we allocate mass according to the condi-
tional distribution of = given (y;, w).

We next show that &, Blackwell dominates h. Consider the garbling that maps (z, t) to
(x,y;) whenever G(y;_1) <t < G(y;). Thenforanyw € Q, z; € X,and y; € Y,

G(yy) Gyj—1)+X by b ,y5lw)
/ Ep(zs, tw) dt = / _ Ldt = h(z;, y;|w).
G(yj-1) Glyj—)+2 0 Wy yilw)

Thus, h can be obtained from &, via this garbling, implying that &, is Blackwell more

informative than h. By letting h to be the induced joint structure h,;, the result follows. [

B Proofs for Section 4

B.1 Proof of Theorem 2

Proof of Theorem 2. Fix any h € H°"P. We follow the construction in the proof of Propo-
sition 2. Since h satisfies secrecy, define g(y;) := Zle h(z;,y; | w) and G(y;) =
Z;,:l g(yj), so that {G(y;) } 72, partitions T = [0, 1] into blocks indexed by Y.
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For each y € Y, decompose the vectors 1™ as in the proof of Proposition 1: ford € D
into extreme rays of C'?, for i € I into extreme rays of C?, and for s € S into nonnegative
multiples of the coordinate rays. Then, within the block corresponding to y, refine the seg-
ment assigned to (z, y) according to this decomposition. Each refined subsegment therefore
induces exactly one extreme ray: a decreasing one for d € D, an increasing one for ¢ € I,
and an unrestricted one for s € S. This yields a signal representation v : {2 x T" — X and
hence an induced density &, over X x T

Exactly as in Proposition 2, the garbling that maps (z, t) to (z, y;) Whenever G(y;_1) <
t < G(y;) recovers h, so &, weakly Blackwell dominates h. By construction, every realized
refined signal induces a likelihood vector satisfying the monotonicity restriction in Theo-
rem 1. The induced joint structure A, inherits this property and is therefore an element in
HSPP . The result follows by letting i = h,. O

B.2 Proof of Theorem 3

Lemma B.1. Suppose the baseline information structure f is almost-directional and 1 is
a representation of f such that hy is a frontier point of H5"'P. Then, for any w" > W/, the

following conditions cannot hold simultaneously:

1. there exists a non-measure zero set Ty C T such that (W' t) € D and (", t) € 1
forallt € Tg;

2. there exists a non-measure zero set Ty C T such that (W', t) € S and Y(W”,t) € S
forallt € Ty.

Proof of Lemma B.1. 1If S = (), then the lemma holds trivially. Consider S = {s}. Suppose
there exists Ty, 77 C T with equal measure, w” > w’, d € D and i € I such that'!

(W' t)
(W', t)

d and (W 1)
s and (W)

1 forallt € Ty,

s forallt € Tj.

Without loss, let w’ = max{w : ¥(w,t) = d,t € To},w” = min{w : Y(w,t) =i,t € Tp}.
The proof proceeds by considering two cases. In each case, we can find an alternative

representation ¢ such that h.; dominates hy which contradicts to hy, is a frontier point.

7t is without loss to assume that Ty and Ty have equal measure and that 1(w, -) is constant on each of
these sets for every w, since we can always shrink 7 and 7} to subsets satisfying these properties.
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With slight abuse of notation, we use 7j and 77 also to denote the corresponding sender-
message labels in the finite joint information structures induced by ¢ and V), after refining

the partition of 7" so that T and 77 are separate cells.
Case 1. There is no w between w’ and w”.
Consider the following subcases:

(i) Forallt € T}, Y(w,t) = sforall w > .

(ii) Forallt € T}, ¢¥(w,t) = sforallw < W'

(iii) There exists w > w” and ¢’ € I such that ¢)(w,t) = ¢ forallt € T, w > @.

In subcase (i), consider an alternative representation 1; defined by

s forallt € Ty, w > "
P(w,t) = Qi forallt € T1,w > W”

Y(w,t) otherwise.

hy can be obtained from A, by a garbling that sends (s, Ty) to (4, 7o), (¢,11) to (s, T1) and
identity elsewhere. Thus, h strictly Blackwell dominates £y

Similarly, in subcase (i1), consider another representation ¢ defined by

S forallt € Ty, w < W'

(w,t) =4 d forallt € Ty, w < '

(w,t) otherwise.

h, can be obtained from h; by a garbling that sends (s, Tp) to (d, Tp), (d, T1) to (s,T1) and
identity elsewhere. Thus, A strictly Blackwell dominates £y
In subcase (iii), let w be the smallest state such that the condition holds. Consider an

alternative representation ¢ defined by

s forallt € Ty, w > w > W”
- 7 forallt € Th,w > w
P(w,t) =

7 forallt € Th,w > W”

(w,t) otherwise

\
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h,, can be obtained from h; by a garbling that sends (s, Tp) to (s, T1), (¢, T1) to (4, 7p) and
(¢',Tp) to (i, T1) and identity elsewhere. So, h; strictly Blackwell dominates h.

Case 2. There exists some w between w’ and w” .
It must be that ¢ (w,t) = s forall w’ < w < w” and t € Ty U T;. Let

w=max{w > w" :Y(w,t) = s,t € Ty}

w=min{w <w':P(w,t) =s,t €T}

Therefore, under h,;, the posterior conditional on (s, 7}) is the truncated prior over w’ <
w < w” and the posterior conditional on (s, T}) is the truncated prior over w < w < @.

Consider an alternative representation ¢ defined by

(

s forallt € T),w" <w<w
- Y(w,v(t)) forallt € Th,w >w
dlw,t) =

7 forallt € T1,w > W

Y(w,t) otherwise

\

where v : Ty — T is a strictly increasing bijection from T to 7. Under A, the posterior
conditional on (s, T}) is the truncated prior over w’ < w < @, while the posterior condi-
tional on (s, 7}) is the truncated prior over w < w < w”. Moreover, the set of posteriors
induced by signals other than (s, 7Ty) and (s, 77) remains the same.

Let the optimal actions conditional on (s, 7j) and (s,77) under h,, be a and o’ respec-

tively. Consider the following feasible action rule under h;:
1. chooses max{a, a’'} conditional on (s, 7j) and min{a, a'} conditional on (s,7});

2. choose the same actions as in the optimal action rule under /,, when holding other

posterior beliefs.

We show that this action rule under h; gives higher expected payoff to a decision maker
with single-crossing utility than the optimal action rule under .

Suppose a > a’. By the optimality of a conditional on (s, T}), we have

Y uwulew) = Y plw)uld,w).

w' <w<w!’’ W <w<w’
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This implies the existence of W between w’,w” such that u(a,w) > wu(a’,@). By SCP,
u(a,w) > u(a’,w) for all w > &. Now, note that the utility difference between the optimal

action rule under h,, and the action rule under %, defined above is proportional to

S @ulew)+ Y pwul@e) = Y peulaw) - Y pwulw).

W <w<w! w<w<w w'<w<w w<w<w!

After simplifying, we get — > .. p#(w)[u(a,w) — u(a'w)] < 0 where the inequality
follows from the fact that u(a, w) — u(a’,w) > 0 forallw > W"” > ©.
If @’ > a, the utility difference between the optimal action rule under h,, and the action

rule under h;, defined above is proportional to

S @uew)+ Y p@uldw) = Y pwul@w) = Y pwulaw).

W <w<w! w<lw<w w'<w<w w<w<w"

After simplifying, we get > _ _ , pu(w)u(a’,w) — u(a,w)]. If the difference is positive,
then there must be some ¢ between w,w’ such that u(a’, @) — u(a,w) > 0. But then SCP
implies that u(a’,w) > u(a,w) for all W < w < w”. This violates the optimality of a on
this interval. Thus, the utility difference is nonpositive for any v € U/ and negative for some

u € U. Therefore, hd? dominates /. O]

Proof of Theorem 3. Consider an arbitrary representation » of f such that the D-regions
are left-aligned across states and h,;, satisfies the monotonicity requirements from plausible
deniability. In particular, ¢)(w,t) € D forall t < T’ (w) := >, p f(d|w) for all w.

We prove by induction. First consider w;. Suppose there exists intervals 7", 7" C [0, 1]
with equal measure such that sup 7" < inf 7", ¢)(wy,t) € I forallt € 7" and ¢ (wy,t) = s
for all t € T”. Define

(w, v(t)) ifteT
Y(w,t) = S Pp(w, v (t) ifteT”

Y(w,t) otherwise

for all w, where v : T" — T" is a strictly increasing bijection from 7” to 7". In words, ¥
is obtained by swapping the intervals 7", 7" for all w. The resulting h; is equivalent to
and plausible deniability is not affected. Repeat this swapping procedure until the signal

representation is direction-ordered at w; .
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Next, fix an arbitrary £ > 1 and suppose 1) is direction-ordered at all w < wy. By the

assumption that D-regions are left-aligned and plausible deniability,

D ift< Tl(wk) = ZdeD f(d|wk)

w(wk,t) c
I ift > Tz(wk_l) =1- Zie] f(i|wk_1).

Suppose there exists intervals 7", 7" C [0, 1] with equal measure such that sup 77 < inf 7",
Y(wy,t) =i € I forallt € T" and ¢(wy,t) = sforallt € T".12

Case 1. T/, " - [Tl (wk), T1 ((J.Jk,1>] where T1 (Cdk,l) = ZdeD f(d\wk,l).
In this case, we can swap the two intervals for all states as above to construct an equivalent

joint information structure while preserving plausible deniability.

Case 2. T/ g [Tl (U)k), T1 (wk,l)] and T” g [Tl (wk,l), TQ(UJ}gfl)].
In this case, we have ¢(wy_1,t) € D and ¢ (wy,t) € I for all t € T" while ¢(wi_1,t) =
Y(wg,t) = sforallt € T”. By Lemma B.1, one can obtain an alternative representation U

by swapping the two intervals for all w > wj, and h;, Blackwell dominates /.

Case 3. 7", T" C [Th(wk—1), To(wk—1)].
In this case, forall t € 7" U T", ¥ (wg_1,t) = sand ¥ (w, t) € D U S forall w < wy_.
Suppose there exists some w’ < wy_1 such that (', t) € Dforallt € T'. If (W', 1) €
D forallt € T”, then we have ¢(w,t) € D forallw < w'andt € 7" UT"”. We can swap
the two intervals for all states to obtain an equivalent joint structure as in case 1 above. If
not, we must have ¢(w’, t) = s for all t € T". We can then improve h,, as in case 2 of the
proof of Lemma B.1. If there does not exist such w’, then it must be that )(w, t) = s for all
w<wgandt € T"UT". Again, we can swap the two intervals for all states to obtain an

equivalent joint structure.

After each swap, the resulting joint structure weakly dominates the preceding one.
Moreover, the swap moves the /-region originally on 7" to the right of the S-region orig-
inally on 7" at wy, while preserving direction-ordering for all states w < wy. Repeating
this procedure finitely many times eliminates all such misorderings at wy. Proceeding in-
ductively over k = 2,...,n, we obtain a direction-ordered joint information structure that
dominates the original one.

We next show that all direction-ordered structures satisfying plausible deniability are

Blackwell equivalent. Fix two direction-ordered representations 1) and ¢’ of f that satisfy

12As in Lemma B.1, we assume t(w, -) is constant on 7" and 7" for all w.
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the monotonicity requirements of plausible deniability. Since f is almost-directional, there
is at most one message in .S; hence, once the representation is direction-ordered, the S-
region is pinned down between the D- and /-regions. For each d € D, the likelihood
vector f(d|-) has a unique decomposition into decreasing extreme rays. Therefore any
direction-ordered representation satisfying plausible deniability induces, up to relabeling
of sender messages, the same collection of lower-tail likelihood vectors associated with d.
The same argument applies symmetrically to each ¢ € /. Hence all such direction-ordered
structures are Blackwell equivalent.

Now fix any direction-ordered representation ¢* satisfying plausible deniability. Since
every h € HFP is dominated by some direction-ordered structure, and all such direction-
ordered structures are Blackwell equivalent, A~ dominates every element of H°"". There-

fore h,- is a greatest element of H7P. O]

B.3 Proof of Theorem 4

Proof of Theorem 4. Consider a direction-ordered representation ¢ of f. Arrange the mes-
sages within each of the monotone regions such that for all w” > w',d € D andi € I,
Y(w”,t) = d implies ¥ (w',t) = d and ¢(w', t) = i implies ¢)(w”,t) = i. This ensures the
induced h,; satisfies the monotonicity requirement of plausible deniability.

Next, forany d € Dandy € Y, hy(d, ylw) = ny 1{¢(w,t) = d}dt is either \(T},) or
0 at each state w. Together with the monotonicity just imposed, this implies that hi’y lies
on an extreme ray of the decreasing cone C'”. The argument for each i € I is symmetric.

It remains to verify that the non-monotone regions can be separated across states. Since

1 is direction-ordered, for each wy, the S-region is the interval

D fdlwn), Y fldlwn) + Y fslwr)

deD deD s€S

We claim that these intervals are ordered from right to left across states, i.e.,'
inf{t : Y(wi,t) € S} > sup{t : Y(wry1,t) € S}, kE=1,...,n—1

For k = 1,...,n — 2, this follows from the condition in Theorem 4 applied to the interior

BIf{t : ¢p(wr, t) € S} = 0, define both the infimum and the supremum as >, 1, f(d|wy).
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state wg41:

Zf Slwk1) <Z (dlws)— d’warl @Zf djwi) > Zf(d\wk+1)+2f(s|wk+1).

ses deD deD deD sesS

For the boundary case k = n — 1, the desired inequality is

> Fldwn1) =Y fdlwn) + D f(slwn).

deD deD s€S

Since probabilities across baseline messages add up to one in every state, the boundary

inequality is equivalent to

Zf Slwn—1 <Z (t|wn) = f(ilwn- 1)]

seS i€l

which follows from the condition in Theorem 4 applied to w,, ;.

Therefore the intervals {{t : ¢(w,t) € S}} ., are pairwise disjoint. Hence, for every
se Sandy €Y, hy(s,y|w) is either zero in every state or positive in exactly one state.
By Proposition 1, iy, is the greatest element of HP. Since h,, also satisfies secrecy, and
HSPP C HPP it follows that hy, is the greatest element of H5FP. ]

C Additional Results on the Secrecy Frontier

Theorem 1 of Cavounidis et al. (2025) (Proposition 3) shows that a fully revealing joint
information structure satisfying secrecy exists if and only if > _, f(z|w) < 1 for every
2 € X. When this condition fails for some message z, full revelation is infeasible because
the total length required to assign message = across all states exceeds the unit interval. A
natural follow-up question is whether, whenever the condition holds for a particular mes-
sage x, frontier structures must place the corresponding x-regions without overlap across
states, so that observing x together with the sender’s message reveals the state. The answer

is yes in the binary-state case, but not in general.

Proposition C.1. Suppose || = 2. Let

2" € argmax|f(zfwn) + f(w]ws)].
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Consider a signal representation * : Q) x T' — X such that

Pwi,t) =a" fort €0, fz¥|wr)),

and
V (wo,t) =" fort e[l — f(x*|w2), 1],

with the remaining regions assigned so that 1" is a signal representation of f. Let hy-
be the signal-based joint information structure induced by *. Then hy~ is a greatest
element among secrecy-preserving joint information structures. Figure C.I illustrates the

construction.

U1 Y2 Y3 Y4 Ys
w1 z* | T | I
) zZ 1 =z | o

Figure C.1: Greatest element among secrecy-preserving structures when || = 2

The intuition behind Proposition C.1 is simple. When there are only two states, at most

one message =* can satisfy
flz"|wr) + f(a¥|we) > 1.

For every other message x, the regions assigned to x can be made disjoint across the two
states. The construction in Proposition C.1 therefore concentrates all unavoidable overlap
on the single message x* and eliminates overlap for every other message. Equivalently,
h.~ reveals the state whenever it is feasible to do so, and pools the two states only on the
minimal overlap that cannot be avoided.

This clean structure does not extend to three or more states. In particular, even when

S flaw) <1

weN

for some message x, a frontier signal-based structure may still assign overlapping z-regions

across states. The following example illustrates this point.
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Consider €2 = {wy,ws, w3} and X = {x1, x9, x3}, with baseline information structure

1/3 2/3 0
f=11/3 2/3 0
1/3 1/3 1/3

Notice that

Z flaa|w) =1,

we
so the z;-regions could in principle be arranged without overlap across states. Partition

T = [0, 1] into three intervals,
Y1 =10,1/3), Yo =1[1/3,2/3), Yy =[2/3,1],
and consider the signal representation v : {2 x T" — X described by

i Yy, Y

Wy |1 T2 X2

Wo | X1 T2 T2

W3 | T2 X1 X3

The induced signal-based structure h,, satisfies secrecy. Moreover, it lies on the Blackwell
frontier. To see the intuition, observe that wjs is already distinguished from the other states:
along each interval, the message assigned under w3 differs from the message assigned under
at least one of wy; and ws. The remaining information loss comes from the pooling of w;
and wy, which receive the same message on every interval. Any attempt to distinguish w;
from w, requires rearranging their x,-regions. But such a rearrangement necessarily creates
new overlap with the zs-region of ws, thereby sacrificing information about ws. Thus, no
signal-based secrecy-preserving structure can strictly Blackwell dominate /..
Nevertheless, the z;-regions overlap: both w; and wy assign x; on Yi, even though
>, f(z1lw) = 1 would permit a non-overlapping assignment of x; across states. This
shows that, with three or more states, the condition ) | f(z|w) < 1 does not imply that

every frontier structure assigns the corresponding x-regions without overlap.
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C.1 Proof of Proposition C.1

Proof of Proposition C.1. By Proposition 2, it suffices to restrict attention to signal-based

structures. Let ¢ : {2 x T" — X be any signal representation of f, and write
St={teT Y(w,t)=x}.
Then A(SZ) = f(z|w). Since || = 2,

ST [falwr) + flalwn)] =2,

zeX

so at most one message can satisfy f(z|w;) + f(x|w2) > 1. By definition, this message is
x*, if it exists.
For every x # x*, we have

A(S5,) + A(SE,) = f@fwr) + flalw) <1

Thus any overlap S, N.S7, is avoidable: by moving an equal-measure part of one state’s z-
region outside the other state’s x-region, while preserving message measures, one obtains
a signal representation that Blackwell improves the original. Hence, in any Blackwell-
maximal signal-based structure, overlap can occur only under x*.

The minimal feasible overlap under x* is
m = max{ f(z*|w1) + f(2"|ws) — 1,0}.

The representation ¢* attains exactly this overlap by placing the z*-region for w; at the
left end of 7" and the x*-region for wy at the right end, while assigning all other mes-
sages without overlap across states. Therefore A« Blackwell dominates every signal-based
secrecy-preserving structure. Applying Proposition 2 again, h,- Blackwell dominates ev-

ery secrecy-preserving joint information structure, and hence is a greatest element. [
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