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Abstract

I study a dynamic principal-agent problem where a project can be
completed either by directly attacking it or by splitting it into two sub-
projects. When the project is split, the principal can indirectly monitor
the agent by verifying the completion of the first subproject. How-
ever, the rigidity of this approach may introduce inefficiencies. To miti-
gate moral hazard, the principal must commit to a deadline, which also
shapes her choice of project management strategy. The optimal con-
tract is determined by the interplay of these three factors: monitoring,

efficiency, and an endogenous deadline.
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1 Introduction

A fundamental challenge in project management is balancing monitoring and
efficiency. Splitting a project into smaller tasks allows a manager to track
progress more closely, reducing the risk of moral hazard—where subordinates
might shirk if their efforts are not observed. This is the essence of a work
breakdown structure (WBS), a widely used method in project management
that involves dividing a project into manageable components (Organ and Bot-
torff, 2022).) WBS is commonly applied in industries such as construction,
engineering, and software development.? While breaking down a project helps
clarify goals and improve communication, it can also introduce inefficiencies.
Excessive decomposition may make a project rigid and slow progress (Golany
and Shtub, 2001), forcing managers to weigh the trade-off between monitoring
and efficiency.

For instance, this trade-off can be observed in drug development. A biotech
firm working on a new treatment can take one of two paths. The first involves
pursuing a single, comprehensive breakthrough that would complete the entire
drug development process in one step, from initial discovery to final formula-
tion. This approach is efficient but risky, as success or failure is only revealed
at the very end, offering no opportunity to monitor progress along the way.
Alternatively, the firm can divide the process into two stages. The first stage
involves identifying a key compound, and the second focuses on optimizing the
formula. While this staged approach requires two breakthroughs, it offers a
checkpoint after the first stage, allowing the firm to assess progress and adjust
its strategy if necessary. Importantly, the firm can switch between these paths
depending on progress, reflecting the ongoing balance between efficiency and
monitoring.

In this article, I introduce a dynamic principal-agent model that formalizes

the tension in project management. The model considers a principal who can

!The PMBOK guide defines WBS as “a hierarchical decomposition of the total scope of
work to be carried out by the project team to accomplish the project objectives and create
the required deliverables” (Project Management Institute, 2017).

2See Project Management Institute (2006) for additional examples.



choose between two paths to project completion: tackling the project as a
whole (the direct approach), which requires a single breakthrough that pro-
gresses slowly, or breaking the project into two subprojects (the sequential
approach), each requiring a faster but separate breakthrough. At the out-
set, the principal offers a contract specifying a schedule that outlines which
approach to follow over time, the reward to be paid upon success, and a ter-
mination policy. If the agent accepts the contract, they must decide at each
stage whether to work on the assigned approach or shirk for private benefit.

To highlight the tension between the direct and sequential approaches, I
impose two key assumptions. First, the completion of the first subproject (in
the sequential approach) is observable and contractually verifiable, which al-
lows the contract to be extended upon subproject completion. This feature
provides a monitoring advantage, as it enables the principal to better oversee
progress. The second assumption is that the direct approach is more efficient
than the sequential one. Thus, while the sequential approach has the advan-
tage of better monitoring the agent, it may have a disadvantage in efficiency
compared to the direct approach.

In addition to these elements, a third important economic factor affects
the choice of approach: the deadline effect. The principal needs to impose a
deadline because, without one, the agent could (and likely would) shirk indef-
initely, never completing the project. Therefore, the deadline is essential to
overcoming moral hazard. Furthermore, the deadline is imposed by the prin-
cipal, i.e., it is endogenously determined. Consequently, the optimal contract
is shaped by the interplay of these three factors: monitoring, efficiency, and
endogenous deadlines.

I first set aside the efficiency concern—considering the case where both ap-
proaches are equally efficient—to focus on the interaction between monitoring
and deadline effects. In this context, I show that the optimal contract involves
at most one switch between the approaches. Specifically, the principal initially
employs the sequential approach up to an intermediate deadline. If the sub-
project is completed by then, the principal extends the deadline; otherwise,

the principal switches to the direct approach until the final deadline.



Intuitively, near the deadline, the direct approach has a comparative ad-
vantage because it requires only one breakthrough, while the sequential ap-
proach requires two. In contrast, when the deadline is distant, the sequential
approach is more appealing due to the possibility of extending the deadline,
which arises from monitoring. This suggests that the principal would prefer
the sequential approach when the deadline is far off and the direct approach
when it is imminent. However, the monitoring advantage might be so signifi-
cant that the principal could opt for the sequential approach even close to the
deadline: the intermediate deadline equals to the final deadline. Conversely,
the optimal deadline might be short enough that the principal would prefer
the direct approach right from the outset: the intermediate deadline is set to
0.

I show that the optimal contract crucially depends on the project’s return—
the gross value to the principal from completing the project, given its operating
cost. When the project return is low, the optimal deadline is short, and the
principal opts for the direct approach. When the project return is high, mon-
itoring is highly advantageous, leading the principal to choose the sequential
approach. In intermediate cases, there is a switch from the sequential approach
to the direct approach (Proposition 2).

Next, I introduce the efficiency loss to the sequential approach, representing
the idea that requiring milestones may slow down ultimate project develop-
ment. When the efficiency loss is small enough, I show that a similar result as
in the previous case holds: there are three regions of the project return that
characterize the form of the optimal contract (Proposition 4). In other words,
the characterization of the optimal contract when the approaches are equally
efficient is robust to a small efficiency loss. This is mainly because efficiency
dominates monitoring only if the deadline is distant.

I also consider the case where the efficiency loss is large. Here, even if the
project return is moderately high, the principal prefers the direct approach
over the sequential approach to avoid the efficiency cost. Nevertheless, if the
project return is very high, the principal prefers to monitor it to some degree.

In fact, there is a cutoff value for the project return such that the principal



chooses the direct approach when the return is below this cutoff. Interestingly,
if the return exceeds the threshold, all three economic forces come into play:
the principal begins by choosing the direct approach due to efficiency concerns,
switches to the sequential approach for monitoring purposes, and then reverts
to the direct approach due to the deadline effect (Proposition 5).

My results are congruent with the observation that applied scientific re-
search (e.g., development of a new drug, clinical trials) is typically staged.
The return of applied research projects—the ratio between the project com-
pletion payoff and the operating cost—is usually large, implying the superiority
of the sequential approach. In contrast, the immediate return of basic research
(e.g., chemistry, in-vitro experiments) is lower than applied research because
“basic research is performed without thought of practical ends" (Bush, 1945).3
My results suggest that the direct approach should be preferred for basic re-
search because such projects tend to have lower returns than applied ones. For
instance, the Research Project designation (R01) grant by the National Insti-
tute of Health (NIH) supports “a discrete, specified, circumscribed project”
rather than a staged project.*

The remainder of this article is organized as follows. Related literature is
discussed below. Section 2 introduces the basic setup of the model and analyzes
the first-best case. Section 3 provides a planner’s problem with deadlines.
Then, Section 4 and 5 characterize the optimal contracts for the cases with and
without the efficiency losses from splitting the project. Section 6 concludes.

The formal analysis and the proofs are relegated to an Appendix.

3Bush argues that although broad and basic studies seem to be less important than
applied ones, they are essential to combat diseases because progress in the treatment “will
be made as the result of fundamental discoveries in subjects unrelated to those diseases,
and perhaps entirely unexpected by the investigator." However, since this article does not
consider externalities, I abstract from this possibility and focus on the principal’s return
from the completed project.

‘https://grants.nih.gov/grants/funding/r01.htm
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Related Literature

There is a growing literature on contracting for multi-stage projects, e.g., Hu
(2014); Green and Taylor (2016a); Wolf (2018); Moroni (2022). The most
closely related study is Green and Taylor (2016a), who study a model in which
multiple breakthroughs are needed to complete a project and in which an agent
must be incentivized to exert unobservable effort. The sequential approach
considered here comprises the baseline model with the tangible breakthrough
in the working paper version of their paper (Green and Taylor, 2016b). How-
ever, the option to complete the project directly, which is not considered in
their setup, allows the principal to face a choice problem between the two
approaches. Moreover, this choice problem arises at every point in time.
Therefore, the principal’s problem becomes more complex from a dynamic
perspective.

A related article is Carnehl and Schneider (2023), where they explore a two-
armed bandit problem with one arm requiring a single breakthrough and the
other needing multiple breakthroughs. The agent knows the arrival rates for
the latter but must infer the feasibility of the former through experimentation—
a key difference between their article and this one. Unlike their focus on
a single-agent decision problem with an exogenous deadline, this article ad-
dresses principal-agent contracting with an endogenously determined deadline.
Despite these differences, we share a common insight in that the chosen ap-
proaches may switch up to two times.

This article is also related to the literature on monitoring in dynamic con-
tracts, e.g., Orlov (2015); Piskorski and Westerfield (2016); Dilmé and Garrett
(2019); Marinovic and Szydlowski (2019); Varas et al. (2020); Marinovic and
Szydlowski (2020); Chen et al. (2020); Wong (2023). In most of these papers,
a monitoring process provides some information on the agent’s current or past
action. In this sense, the first breakthrough in the sequential approach can
be considered as a monitoring device since it lets the principal know that the
agent has worked. However, the completion of the first subproject gives more
information than merely the agent’s past actions. Before the subproject com-

pletion, the success requires one relatively hard breakthrough or two easier



breakthroughs. After completing the subproject, it requires only one rela-
tively easy breakthrough. Thus, the subproject completion is distinguished
from standard monitoring processes since it also provides information about
the subsequent procedure toward success.

This article is relevant to the literature studying complementary innova-
tions, e.g., Green and Scotchmer (1995); Gilbert and Katz (2011); Bryan and
Lemus (2017); Poggi (2021). Two subprojects in the sequential approach can
be considered as ‘perfect’ complements in the sense that completing a subpro-
ject does not create any value but completing both of them does. The most
relevant paper in this line is Kim and Poggi (2024), which introduces an inno-
vation race model with two R&D routes: one requiring a single breakthrough
(direct development) and the other requiring two breakthroughs (research and
development). However, to my knowledge, most studies in this literature focus
on the problems involving competing firms or a single decision maker, whereas

this article addresses an agency problem.

2 Model

Preliminaries A principal (she) hires an agent (he) to complete a (main)
project. The project is conducted in continuous time and can be potentially
operated over an infinite horizon: ¢ € [0,00). Once the project is completed,
the principal realizes a payoff II > 0, referred to as the project return, and the
game ends. While the project is running, the principal incurs an operating
cost of ¢ > 0 per unit of time. The principal is assumed to have an infinite
amount of resources to fund the project, while the agent is protected by limited
liability; that is, the principal can only transfer nonnegative rewards to the
agent.” The principal and the agent are both risk-neutral and patient, i.e.,

they do not discount the future. Both players have outside options of zero.

Paths toward project completion There are two routes to completing the

project. The first is to tackle the project directly, namely the direct approach.

5See Remark 1 for further discussion of limited liability.
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The second is to split the main project into two subprojects, which I term
the sequential approach. Completing the first subproject does not provide any
independent value for the principal or the agent. However, the completion of
the subproject is observable by both players and contractually verifiable by a
court. Thus observing the completion of the subproject can be considered a

type of monitoring.

Contracts and arrival rates At time 0, the principal offers the agent a
contract consisting of (i) the deadlines at which the project is terminated; (ii)
the reward schedules upon project completion; (iii) the approaches to be taken;
and (iv) the agent’s recommended effort. The principal can fully commit to
these contractual terms. See Section B for the formal definition of the contract.

Note that the contract is contingent on the subproject completion. When
the subproject has not been completed, at each point in time ¢, the contract
specifies which approach to take: the direct approach (a; = 1) or the sequential
approach (a; = 0). The agent allocates his 1 unit of effort to working (b, €
[0,1]), and shirking (1 — b;).® The allocation of efforts is unobservable to the
principal. Then, at time ¢, the project is completed at the arrival rate A pagh;
(and the agent receives the reward R;), the subproject is completed at the
rate Ag(1 — a;)by, and the agent receives ¢(1 — b;) as a private flow benefit
from shirking. I assume that the marginal private benefit ¢ is positive but
less than the principal’s flow operating cost c. It is easier to complete the
subproject than to complete the main project, i.e., A\g is greater than Ap. If
neither the main project nor the subproject is completed by the deadline, the
project is terminated. When the subproject succeeds, the deadline and the
reward schedule are updated. In this case, the agent only needs to complete
one more subproject (with the same arrival rate) to make the entire project

succeed. Thus, the main project is completed at the rate Asbi.

No-deadline benchmark As a first benchmark, I consider the problem of a

social planner who is able to observe the agent’s effort, directs which approach

5The agent’s choice will be denoted with tilde, whereas the principal’s choices are not.



to take, and faces no exogenous deadline. This scenario represents the first-best
situation where the planner has perfect information, control over the agent’s
actions, and no deadline constraints. Since the benefit from shirking is less
than the flow cost, it is optimal for the planner to make the agent work in this
case.

To determine which approach is more efficient, I compare the expected sur-
pluses of each approach. Since there is no deadline and the agent never shirks,
the project will surely be completed, and the planner will receive II (recall
that neither the principal nor the agent discounts the future). If the planner

adopts the direct approach indefinitely, i.e., until the project is completed,
1

57
%. Similarly, if the planner employs the sequential approach indefinitely, the

expected duration of each breakthrough is A%?
2c

tion is /\l, and the expected cost is $<. Therefore, the expected surpluses of
S S

employing each approach are derived as follows.

the expected duration of the project is resulting in the expected cost is

thus, the total expected dura-

Direct approach : II — i, Sequential approach : II — %

AD As
Parametric assumptions 1 begin the analysis by focusing on the case
where there is no efficiency loss from splitting the project: 2Ap = Ag. Then,
in Section 5, I consider the case where splitting the project harms the ef-
ficiency: 2Ap > Ag. Additionally, I assume that the project is profitable

enough: II > /\2—; > ﬁ

Remark 1. If the agent is not protected by limited liability, the following con-
tract will virtually allow the principal to achieve the first-best outcome. The
principal does not use any deadline and always chooses the direct approach.
Then, at each point of time, if the project is not completed, she charges ¢ to
the agent, i.e., the agent pays ¢ to the principal. If the project is completed,
the principal pays % + € to the agent for some small ¢ > 0. Observe that
the agent will always work because the instantaneous payoff from working is
)\D(% +€) — ¢ whereas that from shirking is zero. Then, the agent’s expected
payoff is €, and the principal’s expected payoff is II — ﬁ — €. By sending € to

9



zero, the principal is able to achieve the first-best outcome.

3 Planner’s Problem with Deadlines

As an intermediate step toward characterizing the optimal contract, I consider
a problem where a planner faces exogenous deadlines. These deadlines generate
inefficiencies, as II is assumed to be large enough that continuing the project
is more beneficial in expectation than terminating it.

Assume that the project is terminated when time passes a deadline T
Additionally, the deadline is extended by A > 0 when the subproject is com-
pleted.” In other words, the planner faces two exogenous deadlines: the orig-
inal deadline 7" under no subproject completion, and the extended deadline
T + A under a subproject completion. Given these deadlines, the planner
chooses which approach to take at each point in time.

I begin by introducing a benchmark policy where the planner initially em-

ploys the sequential approach and later switches to the direct approach.

Definition 1. A policy is called a one-switch policy if there exists an inter-
mediate deadline S € [0, 7] such that (i) the sequential approach is employed
up to S, (ii) if the subproject is completed before S, the planner continues
working on the remaining subproject until the extended deadline T'+ A, and
(iii) if the subproject is not completed by S, the planner switches to the direct
approach until the deadline T

This class of policies includes two extreme cases. Observe that a one-switch
policy with S = 0 does not involve any sequential approach, and is referred to
as the direct-only policy. Conversely, a one-switch policy with S =T does not
involve any direct approach, and is referred to as the sequential-only policy.

The following theorem shows that the optimal policy takes the form of a

one-switch policy.

"It is possible to consider the case where the deadline is shortened after the subproject
completion. However, in the context of the analysis focusing on the agency problem, I
specifically examine the scenario of deadline extension because a shortened deadline would
disincentivize the agent from working.

10



Proposition 1. Suppose that there is no efficiency loss from splitting the
project (As = 2X\p). When the planner faces the deadline T' and the extension
A resulting from the subproject completion, the optimal policy is characterized

as follows:

(a) (Long extension) if A > A = 5-log [%} , the sequential-only

policy 1s optimal;
(b) (Short extension) if A < A, there exists T > 0 such that

(i) when T < T, the direct-only policy is optimal;

(11) when T > T, the one-switch policy with the intermediate deadline
T—T is optimal.

This theorem implies that the direct approach is never employed when the
deadline extension is sufficiently long. On the other hand, when the deadline
extension is relatively short, there exists a time T such that the direct approach

begins to be employed when fewer than T units of time remain.

Direct-only vs. sequential-only policies To provide an intuition for this
theorem, I compare the expected surpluses of the project under the direct-only
policy (d) and the sequential-only policy (s). Note that the expected surplus,
WHT, A) for i € {d, s}, can be expressed as follows:

WHT,A) =11-P(T,A) — c-D'(T,A),

where PY(T, A) is the probability that the project is completed by the deadline—
namely, the completion probability—and Dén A 18 the expected duration of the
project. The formal definitions of each term in the above equation are pre-
sented in Appendix A.1.

I begin by comparing the completion probabilities across policies when
there is no deadline extension (A = 0). The following lemma shows that
P4T,0) and P*(T,0) cross once as T increases. The proof is in Appendix
A2,

11



Completion Probability Expected Duration Expected Surplus

—— Direct-only  =asas Sequential-only —— Direct-only ===+ Sequential-only —— Direct-only ===+ Sequential-only

(a) Long Deadline Extension: A =1, A\p =1, A\g =2, 11=3,c=1

Completion Probability Expected Duration Expected Surplus

— Direct-only  s=sa: Sequential-only —— Direct-only  ==ss: Sequential-only —— Direct-only  ==ss: Sequential-only

(b) Short Deadline Extension: A =.1, A\p =1, A\¢ =2, 11=3,¢c=1

Figure 1: Completion Probabilities, Expected Durations,
and Expected Surpluses

Lemma 1. Suppose that A = 0. There exists T such that P*(T,0) > P*(T,0)
for all T < T and P*(T,0) > PYT,0) for all T > T.

Intuitively, under the direct-only policy, the planner needs only one break-
through, whereas the sequential-only policy requires two breakthroughs, which
is challenging within a short timeframe. Therefore, when the deadline is short,
the completion probability under the direct-only policy is higher than that
under the sequential-only policy. On the other hand, when the deadline is rel-
atively long, achieving two faster breakthroughs can be easier than achieving
one slower breakthrough. In this case, the sequential-only policy may have
a higher chance of project completion than the direct-only policy. I call this
dynamic the ‘deadline effect.’

Next, observe that the deadline extension provides additional benefits to

12



the sequential-only policy: P*(T, A) increases as A increases. | refer to this
as the ‘monitoring effect’ because this increase in the completion probability
occurs due to the planner’s ability to observe intermediate progress under the
sequential approach.

Based on these deadline and monitoring effects, I can infer that the direct-
only policy has a higher completion probability than the sequential-only policy
when both the original deadline and the deadline extension are short. The two
leftmost figures in Figure 1 illustrate this. The horizontal axis represents the
deadline 7. With the long deadline extension, as depicted in Figure 1a, the
sequential-only policy always have higher completion probabilities—the mon-
itoring effect outweighs the deadline effect. When the extension is short, as
depicted in Figure 1b, the direct-only policy has higher completion proba-
bilities with short deadlines, whereas the sequential-only policy has higher
completion probabilities with long deadlines.

These effects play crucial roles in comparing expected surpluses between the
two policies. When computing the expected surpluses, the expected duration—
illustrated in the middle figures of Figure 1—needs to be considered: the
sequential-only policy always has a longer expected duration due to the possi-
bility of an extension. Nevertheless, the rightmost figures in Figure 1 demon-
strate that the expected surpluses share a key characteristic with the comple-
tion probabilities: the direct-only policy can achieve higher expected surpluses
only when both the deadline and the extension are short.

In light of this intuition, we can guess that the one-switch policy—employing
(1) the sequential approach when the deadline is distant and (ii) the direct ap-
proach when the deadline is near—may be optimal. Proposition 1 verifies that

it indeed is.

Comparative statics of the extension cutoff Proposition 1 shows that
there exists a cutoff for the deadline extension, A, such that the sequential-only
policy is optimal if the extension is longer than the cutoff; otherwise, the direct
approach is employed near the deadline. The following lemma demonstrates
how this cutoff changes with respect to the project payoff II.

13



Lemma 2. Suppose that A\s = 2\p and 11 > ﬁ. The extension cutoff A

decreases in the project payoff 11.
Proof of Lemma 2. Note that

83 )\DC

O As(AsIl—o)(As — Ap)II—c)

From Ag = 2Ap and II > ﬁ, the above equation is negative. O

Intuitively, as II increases, the completion probability becomes a more in-
fluential factor than the expected duration in deriving the optimal policy.
For example, in Figure 1a, the sequential-only policy has a higher completion
probability than the direction-only policy, but it also has a longer expected
duration, resulting in higher costs. In the figure, II is chosen to be large enough
that the expected surplus under the sequential-only policy is higher than that
under the direct-only policy, even near the deadline. However, if II were rel-
atively low, the higher expected duration could cause the expected surplus
under the sequential-only policy to be lower than that under the direct-only

policy near the deadline.

4 Optimal Contract Derivation

In this section, I characterize the optimal contract in the case where there is
no efficiency loss from splitting the project. As in the tangible progress case
in Green and Taylor (2016b), the optimal contract can be implemented with
three key properties: (i) the contract is terminated after a deadline; (i) the
reward for the project completion, Ry, linearly diminishes over time; and (ii)
the deadline is extended by i upon subproject completion.®

A distinctive feature of this model is that the principal must decide ‘which
path to take.” Since the contract involves a deadline and an extension of

it, based on the result of the previous section, we can naturally infer that

8The details of these properties will be addressed in Section 4.2.
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the optimal choice of approaches over time may involve one switch from the
sequential approach to the direct approach—or no switch at all. In light of

these insights, I define contracts involving the above characteristics.

Definition 2. A contract is called a one-switch contract with a final deadline
T and an intermediate deadline S € (0,7) if

(i) the sequential approach is employed up to S,

(ii) when the subproject is completed before S, the contract is extended by

1
As

3

and the reward upon project completion at time t is B = ¢(T —t +

(iii) if the subproject is not completed by S, the direct approach is employed
up to T and the reward upon project completion at time t is RP =
(T —t+ 5-), and

(iv) the contract is terminated if the project is not completed by T.

When S = T, we call the contract a sequential-only contract, and when S = 0,

we call the contract a direct-only contract.

The following proposition shows that the optimal contract takes one of the

above forms.

Proposition 2. Suppose that there is no efficiency loss from splitting the
project (As = 2\p). There exist thresholds llp, llg and Ilp such that llg >

I[Ip > 1lp = c;’j and the optimal contract can be implemented as follows:

(a) when I1 > Ilg, a sequential-only contract is optimal;
(b) when g > 11 > Ilp, there exists a one-switch contract that is optimal;
(¢c) when Ip > 11 > Ilg, a direct-only contract is optimal; and

(d) when 11 < Ilg, the project is infeasible.
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As discussed in Lemma 2, the direct approach is preferred when II is lower
and the sequential approach is preferred when II is higher. The above theorem
aligns with that intuition. In the subsequent subsections, I provide the details

of the derivation of this result.

4.1 Promised Utility and Incentive Compatibility

Following the standard approach in the dynamic contract literature, I consider
the agent’s promised utility as a state variable and write a contract recursively
(e.g., Spear and Srivastava, 1987). For a contract I', let Py(I") and Uy(T") be
the expected payoffs of the principal and the agent at time 0 when the agent
adheres to the recommended effort specified in the contract.

The core of the analysis is the derivation of the principal’s value func-
tion, denoted by V' (u), which represents her maximized expected payoff Py(I")
subject to the promise-keeping constraint Uy(I') = w and the incentive com-
patibility condition, which will be demonstrated later in this subsection. If a
contract I' satisfies Py(I') = V(u) and Uy(I") = u, I' is said to implement a
pair of expected payoffs (u,V(u)). Once the value function is characterized,

the principal solves
u = argmax V (u). (MP)

u>0

Then, the optimal contract is the contract that implements (@, V(@)). In the

rest of this section, I describe how to derive the value function V'(u).

Promised utility upon subproject completion I begin by considering
the principal’s problem, given that the subproject is completed at time t. Let
ul denote the agent’s promised utility, which will be considered as a state
variable. Since this case only requires one more breakthrough, it is identical
to the single-stage benchmark of Green and Taylor (2016a). They show that
the optimal contract is to impose a deadline ¢ + % and a linearly diminishing

reward schedule {Ri}tgsgtﬂts /o Where

RgzungAi—d)(s—t) (4.1)
S
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The intuition is that when the agent’s promised utility is u%, the principal

t
can incentivize the agent to work at most %5 units of time. This is because if
t
the principal requires him to work more than %5 units of time, he can achieve
higher payoffs than the promised utility by shirking.

Incentive compatibility conditions Now consider the agent’s problem
when the subproject has not been completed. Suppose that the promised
utility is u; at some time ¢. Under the direct approach, if the agent works for a
small interval of time [¢,t+dt), the breakthrough occurs and the agent receives
the reward R; with a probability Apdt. However, in this event, he loses the
continuation utility, thus, the expected payoff of working is Ap(R; —u;)dt. On
the other hand, if he shirks, his payoff is ¢dt. From this, we can derive the

incentive compatibility constraint under the direct approach (a; = 1):

Rt zut—}—i (ICl)
AD
Next, under the sequential approach, the agent is compensated in the form
of the promised utility upon the subproject completion. Thus, the expected
payoff of working for [t,t + dt) is Ag(uly — u;)dt. Then, the incentive compati-

bility constraint under the sequential approach (a; = 0) is

>t 2 (ICy)
As

4.2 Value Function Characterization

In this subsection, I characterize the value function of the principal. A natural
conjecture is that the principal’s expected payoff is maximized when incentive
compatibility conditions bind. I outline key properties of contracts make 1C

conditions bind, and then characterize the value function.

Deadline and extension With binding IC conditions, the agent’s promised

utilities should be consumed at the same rate with the benefit from shirking:
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du
dt

made by 20 the promised utility is equal to the agent’s outside option 0, thus,

= u; = —¢, or equivalently, u; = ug — ¢t. If the completion has not been

the contract is terminated, or equivalently, the deadline of the contract is “750
When the sequential approach is chosen, to make (ICg) bind, we have
t
Ug 1 up 1
T E - LI L
¢ ¢ As 9 As
It implies that upon the subproject completion, the updated deadline ¢ + %

extends the original deadline %0 by %

Linearly diminishing rewards Let 7" denote the deadline “7;] By using
up = ug — ¢t = ¢(T —t), to make (IC;) bind, the reward of completion at time

t via the direct approach is

) 1
R, = — =T —-t+ —
t = U+ ¥ ¢ + Y
which corresponds to RP in Definition 2.
Next, when the subproject is completed at £, to make (ICy) bind, T have
uly = uy + % Then, by (4.1), the reward of completion at time ¢ € [£, T + t]

via the sequential approach is

N, 0 0 L2
Rt_ut+/\s+)\s ot — 1) = gb(T t+)\s),

which corresponds to R? in Definition 2.

Value Function Based on the above observations, I infer that the value
function is linked to the planner’s problem with a deadline and its extension,
as explored in the previous section. Let W*(T', A) denote the optimal expected
surplus under the deadline T" and extension A, derived from the optimal policy
in Proposition 1. Then, when the agent’s promised utility is u, a conjecture
for the principal’s Value function is the expected surplus from the deadline %
and the extension - W*(g, 3)» net of .
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The following proposition verifies this conjecture, with the proof provided

in Appendix C.

Proposition 3. The principal’s value function V is characterized as follows:

Vi) =W (2.55) —u. (4.2)

As
Moreover, V s concave.

A key step in proving this proposition is finding a contract implementing
the pair of the agent’s promised utility, u, and the principal’s expected payoff,
V(u). In terms of choosing which approach to take, the principal’s incentives
are perfectly aligned with those of the planner—who faces the same deadlines as
the principal—in that both want to maximize the expected surplus. Since the
planner’s policy with at most one switch is optimal, I show that the principal
can implement the pair using a contract that involves at most one switch with

linearly diminishing rewards (Appendix C.2).

4.3 Proof of Proposition 2

Now that I have characterized the value function, the next step is to pin down
the optimal initial promised utility level, @, which is the solution to (MP). This
will establish the starting point of the contract in Figure 2 and determine the
deadline length, % This can be interpreted as the principal endogenously
imposing the deadline to overcome the agent’s moral hazard.

Recall that the direct approach is never employed when the extension is
greater than A (Lemma 1 (a)) and the cutoff is decreasing in IT (Proposition 2).
Let IIg be the solution of A = % Then, for all II > Ilg, the direct approach
will not be employed, even near the deadline. This establishes Proposition 2
(a) and is illustrated in Figure 2 (c).

When IT < IIg, Proposition 1 (b) indicates that the optimal approach is
switched from the sequential approach to the direct approach when T units of

time remain. In terms of the promised utility, the switch happens at 4, = ¢T.
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(a) Low II (b) Intermediate II (c) High II

70)

Sequential

Direct ! Sequential

i 7 - u
! 0=ity

sl

Figure 2: Value functions when there is no efficiency loss

Then, the form of the optimal contract depends on whether  is greater than
1y, or not. For example, the value functions in Figure 2a and 2b both involve
a switching point u;, however, u is greater than 4, in Figure 2a and less than
1y in Figure 2b. Thus, the optimal contracts are a direct-only contract in
Figure 2a and a contract with a switch from the sequential approach to the
direct approach in Figure 2b. By choosing I such that w and 4, same, we see
that the optimal contract involves a switch when II € (IIp,Ilg), establishing
Proposition 2 (b). Conversely, when IT < IIp, the direct approach will only
appear in the optimal contract.

Last, the feasibility of the project depends on whether u is greater than 0 or
not. When u is equal to zero, the principal’s expected payoff is maximized at
u = 0, meaning it is optimal for the principal not to initiate the contract—the
project is infeasible. This occurs when the principal’s flow profit is negative
near the deadline 7. Since the promised utility w is close to zero near the
deadline, the reward R is approximately % Then, the principal’s flow profit
in [T — dt, T] is approximately

Apdt - (H—)\i) —cdt:)\(H—¢+c) dt.

D )\D

— o
=5,

I show that IIp € (IIp,Ilg) (Lemma 11). Then, when II € (IIp,IIp), the
direct-only contract is optimal (Proposition 2 (c)); and when II < IIg, the

Therefore, the project is feasible if and only if II is greater than Iz

project becomes infeasible (Proposition 2 (d)).

Remark 2. A mixture of contracts also generates another contract. For ex-
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ample, a contract with a soft deadline—randomly terminating the agent after
reaching the soft deadline, as in Green and Taylor (2016a)—can be represented
by a mixture of two contracts defined here. However, a mixed contract cannot
improve upon the one characterized above. This follows because the value
function V is concave (Lemma 9 (¢)).

Consider a set of contracts {I';}1<i<, where the agent’s expected utility
under I'; is w;, and the weight is w; with Y " jw; = 1L and Y ;" | w; - u; = w.
The principal’s expected payoff from this mixture is y ., w; - Py(I';) and the
agent’s expected utility is w. By concavity, I have V(u) > >  w;V(u;).
Additionally, V(u;) > Fy(I';) holds for all 1 < i < n because V(u;) is the
principal’s maximized expected profit given that the agent’s expected payoff
is u;. Thus, V(u) is greater than or equal to the expected payoff of the mixed
contract. Hence, any mixed contract cannot improve upon the characterized

contract.

5 The Optimal Contract under Efficiency Loss

[ now consider the case where splitting the project generates an efficiency loss,
i.e., Ag < 2Ap. This introduces efficiency as another economic force, alongside

monitoring and deadline effects, that determines the optimal contract.

I define a parameter n = ,/\\_,i — 1, which measures the efficiency of the

sequential approach. Note that 0 < 7 < 1, and the efficiency loss increases as

1 decreases. In this section, I characterize the optimal contracts for two cases:

(i) when the efficiency loss is small (n > 77 = max{ \/57 —=1); and (i) when
the efficiency loss is large (n < n = min{_;, L1.f

In Figures 3 and 4, I illustrate the principal’s value functions when there
are efficiency losses from splitting the project. A key characteristic of these

value functions is that the direct approach is employed when the promised

%These do not cover cases where the efficiency loss is intermediate. In such cases, the
form of the optimal contract depends heavily on the parameter values 7 and I, resulting in
many subcases to analyze. Thus, I focus on the extreme cases to provide results with clear
economic implications.
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(a) Low II (b) Intermediate II (c) High II
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Figure 3: Value functions when the efficiency loss is small

utility is high, indicating that the deadline is far off. To understand this dy-
namics, I compare the direct-only and sequential-only contracts again. As time
horizons become longer, the sums of expected payoffs for both players from
these contracts converge to the expected surpluses of the no-deadline bench-
mark: I — i for the direct-only contract and II — f—; for the sequential-only
contract. Therefore, efficiency determines which approach should be chosen.
Since we focus on the case where the sequential approach is less efficient than
the direct approach, the principal would chose the direct approach when the
deadline is distant.

This observation, combined with the effects of monitoring and deadline
discussed in the previous sections, leads us to conjecture that there will be
two switching points 4, and 1y in determining the value function. The direct
approach is chosen when u > us or u < 1y, and the sequential approach is
chosen when u € (uy, us).

When the efficiency loss is relatively small, I show that s is always greater
than the optimal initial promised utility level @ (Lemma 20). It implies that
the switch occurs at most once in the optimal contract. Therefore, a result
similar to the no-efficiency-loss case holds. In other words, Proposition 2 is

robust to small efficiency losses.

Proposition 4. Suppose that n € (7, 1), i.e., the efficiency loss from splitting
the project is small. There exist thresholds p(n) and Hg(n) with Tlg(n) >

15(n) > Hp such that the optimal contract is determined as follows:

(a) when 11 > g(n), a sequential-only contract is optimal;
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Figure 4: Value functions when the efficiency loss is large

(b) when Tg(n) > 11 > Tlp(n), there exists a one-switch contract that is

optimal;
(¢) when Tp(n) > I > g, a direct-only contract is optimal,

Now suppose that the efficiency loss is large. Figure 4 illustrates that the
sequential approach is either not employed at all (for small IT) or is employed
in the middle of the contract (for large II). Intuitively, as II increases, the
monitoring effect becomes more significant. However, the direct approach is
preferred at the beginning of the contract due to its efficiency and at the end of
the contract due to the deadline effect. Therefore, if the sequential approach
is ever employed, the contract will involve two switches. I formally define the

two-switch contract and state the theorem for the case of large efficiency loss.

Definition 3. A contract is called a two-switch contract with a final deadline
T and two intermediate deadlines 0 < S; < Sy < T if

(i) the direct approach is employed up to Sy and the reward upon project

completion at time ¢ is RP,

(ii) if the project is not completed by S;, the sequential approach is employed
up to Ss, and if the subproject is completed before Sy, the contract is
extended by % with the reward upon project completion at time ¢ being
R?,

(iii) if the subproject is not completed by Sy, the direct approach is employed

up to T and the reward upon project completion at time ¢ is R, and
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(iv) the contract is terminated if the project is not completed by T'.1°

Proposition 5. Suppose that n is less than 1, i.e., the efficiency loss from
splitting the project is large. There exists a threshold Iy (n) with Ty (n) > g

such that the optimal contract is determined as follows:

(a) when 1 > Ty (), there exists a two-switch contract that is optimal;

(b) when Ty (n) > 11 > I, a direct-only contract is optimal.

Intuitively, the principal generally prefers the direct approach since there
is a large efficiency loss from the sequential one. Nevertheless, when II is large
enough, the principal may take advantage of the monitoring benefit by choos-
ing the sequential approach. If the principal decides to monitor at some point,
it is optimal to monitor in the middle of the contract. This is because efficiency
outweighs monitoring at the beginning of the contract and the deadline effect
outweighs monitoring at the end of the contract. Hence, the optimal contract
involves two switches when II is large.

For a high-return project, the theorem illustrates that a type of contract
involving all three economic forces is optimal. At the beginning of the contract,
the principal chooses the direct approach because it is more efficient (i.e.,
efficiency is initially the dominant concern). When the success is not delivered
by a specified time, the principal begins to monitor the agent more closely by
switching to the sequential approach (i.e., monitoring becomes the primary
concern). She extends the deadline if the agent makes intermediate progress,
but if he does not make progress before the deadline is near, the principal
switches back to the direct approach in a “last-ditch” attempt at getting the

job done (i.e., the deadline effect becomes the preeminent motivation).

6 Conclusion

In this article, I study the economic tradeoffs between a direct approach and a

sequential approach for achieving a discrete goal in the context of a principal-

19The rewards RP and Ry are defined in the same way as in the one-switch contract.
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agent setting. The optimal contract is determined by the interplay of mon-
itoring, efficiency, and an endogenous deadline. I show that the form of the
optimal contract depends on the project return. When the efficiency loss from
splitting the project in two does not exist or is small, only the direct approach
will be chosen if the project return is low, whereas only the sequential ap-
proach will be chosen if the project return is high. If the project return is
intermediate, it is optimal to begin with the sequential approach and then
switch to the direct approach. When the efficiency loss is large, the principal
generally chooses the direct approach. However, if the project return is above
a certain cutoff, she may choose the sequential approach for a short period of
time in the middle of the contract (i.e., there may be two switches).

There are numerous avenues open for further research. For example, the
principal may be able to design the approaches directly. In this article, I as-
sume that the two approaches are exogenously given and the principal chooses
between them. However, in practice, a project manager often designs how
many milestones to partition the main project into and how difficult each sub-
project is. We could also introduce ‘learning by doing’ into the model. If
we assume that the agent learns from early errors, the arrival rate of project
completion would increase over time.'! I leave these intriguing questions—and

others—for future work.
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Appendix

A Proofs for Section 3

A.1 Direct-only vs. Sequential-only Policies

In this section, I provide formal representations of the completion probabilities,
expected durations and expected social surpluses under the direct-only and the
sequential-only policies.

Suppose that the planner adopts the direct-only policy. Note that the
direct-only policy is not affected by the deadline extension A, so we can omit it.
Let 7, denote the date of the project’s completion. The completion probability
is

T
Pd(T) = / Ap - e \Tmdr =1 — e AT (A.1)
0

and the expected duration of the project is

T
1
DUT) = / Tm " Ap - € *Pdr, + T - e T = E(1 — 0T, (A.2)
0

Then, the expected social surplus of the direct-only policy is

WHT)=11-PYT) — c-DYT) = (H — %) (1 — T, (A.3)

Now suppose that the planner employs the sequential-only policy. Let 7
denote the date of the first subproject’s completion. The probability of project

completion can be derived as follows:

T [ T+A
P(T,A) = / [/ /\se_AS(T’”_TS)dTm} - Age STy
0o LJr

=1—(1+Ag-T-es8).esT, (A.4)

Next, conditional on the first subproject being completed at 7,, the expected
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duration is
T+A
DYT, A7) = / T - Age Xm T 4 (T 4 A) - g As(THAT),
Then, the expected duration of the project can also be derived as follows:

T
DT, A) = / DYT, A, 7,) - Age 5T dry + T - e 7
0

2

= /\—S(l — e_)‘ST) — T . e As(T+A) (A.5)

Then, the expected social surplus of the sequential-only policy is

WAH(T,A)=11-P*(T,A) —c-D*(T,A) (A.6)
— C 20N LTy IR T A IC ¥
= (H )\S) (1—e ) — As (H )\S) T-e .

A.2 Proof of Lemma 1

Proof of Lemma 1. Observe that P4(T,0) > P*(T,0) is equivalent to:
(14 X\sT) > ePs=Ap)T

Note that the equality holds at T = 0. While the left hand side linearly
increases with the slope Ag, he right-hand side exponentially increases and
the slope at T' = 0 is Ag — A\p, which is lower than Ag. Therefore, for small
enough T, P4(T,0) > P*(T,0), but there exists T > 0, which makes the two
sides equal. Then, we have P4(T,0) > P*(T,0) for all T' < T and P%(T,0) <
P*(T,0) for all T > T. O

A.3 Proof of Proposition 1

The Expected Surplus upon the Subproject Completion TLet W! rep-

resent the expected surplus when the first subproject is completed and the
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remaining time is . By following steps similar to those used in the derivation
of (A.3), we have

Wl = (H - A—CS) (1= e, (A7)

Suppose that the subproject is completed at calendar time 7" — z, meaning
that z units of time remain until the original deadline. Then, the subproject
completion extends the deadline by A, giving the planner z + A units of time

to complete the project. Therefore, the expected surplus in this situation is
AN

The Expected Surplus without the Subproject Completion Now we
consider the situation that neither the subproject nor the main project has
been completed by calendar time T'— z. Then, the (optimal) expected surplus
W94 can heuristically be written as follows:

IT- Apa, -dz+Wia-As(l—a.) -dz—cdz

z

max 0A
a:€{0,1} +{1 — Apa, -dz — As(1 —a,) - dz} - W

z—dz®

0,A _
W, = =

By using a Taylor expansion, W% = W% — 10z, canceling out W%
on both sides, and taking the limit as dz — 0, we obtain a Hamilton-Jacobi-

Bellman (HJB) equation:

WoA = arg{%xl} [Apa. - (IL— W) + As(1 —a,) - Wiy —WP2) —¢].
o (HJBw)
Since the project is terminated at the deadline, WS’A = 0. Then, by using
standard verification arguments (e.g., Proposition 3.2.1 in Bertsekas (1995)), if
a function w : [0,7] — R is differentiable and satisfies (HJByy ) and w(0) = 0,
then, w(z) = WA,

The Expected Surplus of the One-switch Policy I now derive the ex-
pected surplus of the one-switch policy with an intermediate deadline S and
a deadline T'. Denote Z =T — S. The one-switch policy implies that a, = 1
forall 0 < 2 < Z,and a, = 0 for all Z < 2 < T. Let Wii(z,A) denote the
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expected surplus of this policy when the remaining time is z. The following

differential equations then hold, where ng = %:
Wil(z,A) = g - (Wha—Wi(z,A)) —c forz>Z, (A.8)
Wil(z,A) = Ap - (L= W5 (2,A)) —¢  for 2 < Z. (A.9)
By solving this with W5(0, A) = 0, I derive
Wi(z), if 2< 7,
2
Wil(z,A) = (H — —C> (1= e sED) yWA(Z) e s D)
As .
. if 2> Z.
— g <H — _) (22— 2)- e sz HA)
( As
(A.10)

Also note that Wid(z, A) = W#(z, A) is the expected surplus of the sequential-
only policy and Wi?(z, A) = W¥(z) is the expected surplus of the direct-only
policy.

We will prove the theorem by showing that there exists Z € [0,7] such
that Wii(z, A) solves (HJBy).

The Optimal Approach at the Deadline Note that W} = (H _ E) :
(1 —e?s2) and WS’A = 0. Then, at the deadline, the sequential approach is

preferred over the direct approach if and only if

Ap(IL = W5'%) < As(WX — W)
— ApIT < (ATl —¢) - (1 — e *s2). (A.11)

With simple algebra, we can derive that (A.11) is equivalent to A > A.
Optimal Policy Derivation Iintroduce two crucial lemmas, then complete

the proof of Proposition 1. The proof of the lemmas are in the following

subsection.
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Lemma 3. Suppose that \g = 2\p and A < A. Then, there exists T such
that (i) A\p(IL — W¥(2)) > A\g(WL o — W¥(2)) for all z < T; and (ii) A\p(IT1 —
WHT)) = As(W}, . = WHT)).

Proof of Lemma 3. Define H! = As (WL o — W*(2)) — Ap (I = W¥(z)) and

z

x = e *P*. Then, with some algebra, H! is equivalent to

As
A

) — ApIT— (As — Ap) - (H— %) (1—x).
(A.12)

By using Ag = 2\p, with some algebra, H;(x) can be rewritten as follows:

Hi(z)= (DIl —c¢)-(1—e % .2

Hl(l‘) = (/\DH — c) T — ()‘SH . C) . G_ASA ) .I'Q

Define

Asll — ¢
Note that # < 1 when A < A. Additionally, observe that H,(#) = 0 and
Hi(z)<Oforallz <z <1

Now set T = —%. Then, T > zis equivalent to x > z, which implies
Hy(x) < 0. Therefore, for all z < T, Ap(Il — W¥(2)) > Ag(WL o — Wi(2)).

In addition, H, (%) = 0 implies Ap(Il = W(T)) = Ag(W] , —WXT)). O

(A.13)

T =

Lemma 4. Suppose that As = 2\p and As(Wi A=W Z)) > A\p(II-W*(2))
for some Z > 0. Then, As(Wl o — Wi (z,A)) > Ap(Il = Wi(z, A)) for all
z> 7.

Proof of Lemma 4. Define H? = A\g(Wl o — Wit(z, A)) — Ap(IT— Wii(z, A))

z

and y = e =% Note that, for any z > Z,

Wel(z, A) =WH(Z) + (H _ i—z _ wd(2)> (1 —y)
i (H _ )\is) e (ZH) L og(y) -y
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and
c

Wha=Wia+ (H o W§+A) (1—-y).

Then, with some algebra, H? can be rewritten as follows:
Hy(y) = Hy +hi- (1 —y) +ho - log(y) -y (A.14)

where
c 2c
hi=ds (I—— Wi a)l—0OQs=Ap)- (- -WH2)],
>\S )‘S

ho = (H - Ai) CeAs(ZHA) 5,
S

Observe that h
H!(y) = —?2 <0,

i.e., Hy is strictly concave. By the assumption, we have Hy(1) = H2 > 0. In

addition, we have

2 As — 2\
lim Hy(y) = As (I — — ) = ApIl — (Ag — Ap) ([T — 25 ) = 25220
y—0 )\S )\S )\S
(A.15)
Then, by using the strict concavity of Hy, Hy(1) > 0 and lim, o H2(y) = 0,

we have Ho(y) > 0 for all y € (0,1). Therefore, Ag(W1 o — Wi (z,A))
Ap(IT — Wi (2, A)) for all z > Z.

v

Proof of Proposition 1. (a) Suppose that A > A. From (A.11) and
W40) = 0, we have Ag(WA — W?(0)) > Ap(IT — W?(0)). Then, by
Lemma 4, As(W o — W5l(z,A)) > A\p(IT — Wsi(z,A)) for all z > 0.
Then, by (A.8), Wi, = Wi%(z,A) solves (HIBy) for all z € Ry, ie.,

the sequential-only policy is optimal.

(b) Suppose that A < A. Let T be the time defined in Lemma 3. If T < T,
Ap(IT = Wi(2)) > Ag(Wl o — Wi(2)) for all z € [0, T]. Then, by (A.9),
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B

Wi (z) solves (HJBy) for all z € [0,7], i.e., the direct-only policy is

optimal.

Now consider the case with 7> 7. Note that Wel(z, A) = W for all
z € [0,7]. From Lemma 3, we have \p(IT — Wel(z,A)) > As(Wha —
Wil(z, A)) for all z € (T, T]. Then, by (A.9), Wii(z, A) solves (HIByy)
for all z > 7. In addition, we have Ap(IT — W (T', A)) = As(W}, , —
Wiid(T,A)). By applying Lemma 4 for Z = T, we have Ag(W} , —
Wil(z,A)) > Ap(Il = Wil(z,A)) for all z > T. Then, by (A.8),
W%d(z,A) solves (HJBy) for all z > T. Therefore, Wjid(z,A) solves
(HJByw) for all z € [0,T7, i.e., the one-switch policy with T"— T is opti-
mal.

]

Contracts

At the beginning of the game, the principal offers a contract to the agent

and fully commits to all contractual terms. If the agent rejects the offer, the

principal and the agent receive zero payoffs. Note that if the agent has not

completed either the main project or the subproject, the calendar time is the

only relevant variable summarizing the public history.
A (deterministic) contract is denoted by I' = {T, {at,bt,Rt,ft}ogtST},

where each variable is defined as follows at the calendar time ¢:'2

1.

2.

3.

T € R, U {oo}: the deadline date at which the project is terminated
absent the completion of the main project or the subproject. T = oo

means that no deadline is included in the contract;
a; € {0, 1}: the principal’s choice of an approach at t;

by € [0,1]: the agent’s recommended effort at t;

12Gee Remark 2 for discussion on deterministic and mixed contracts.
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4. R; > 0: the monetary payment from the principal to the agent for the

success of the main project at ;'

5 T = {T",{b', R },<o<r+}: an updated contract when the subproject is

S

completed at t;

(a) Tt € {T : T >t} U{oo}: the deadline date at which the project

is terminated;
(b) b. € [0,1]: the agent’s recommended effort at time s > ¢;

(¢) R. > 0: the monetary payment from the principal to the agent for

the completion of the main project at time s.

Consider the case where the subproject is completed at time ¢t. Then, the
updated contract [ will be executed. In this case, the agent’s admissible
action space is B' = {{bs}s<s<rt : bs € [0,1]}. The agent’s action profile
bt = {Bi}tgsgp € B! induces a probability distribution P? over a main project
completion date 7,,. Let EY denote the corresponding expectation operator.
When the agent adheres to the recommended action of ft, the principal’s

expected utility at time ¢ is given by

PY(IY) =E”

T AT
(M= R;) - Lcr, <ty — / cds| M
t

where the first term in the expectation is the net profit from the success and
the second term is the cumulative operating cost. The agent’s expected utility

is given by

Uity ="

T AT
Rl Agen oy + / o(1— tyds| |
t

13Gince both the principal and the agent are risk neutral and do not discount the future,
without loss of generality, all monetary payments to the agent can be backloaded (see, e.g.,
Ray, 2002). The nonnegativity of R; is due to limited liability.

MFor each = and y, let = A y denote the minimum of = and y, and let = V y denote the
maximum of x and y.
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where the first term is the payoff from the success and the second term is the
benefit from shirking.

Now consider the problem at time 0. The agent’s admissible action space
(prior to any completion) is B = {{b;}o<t<r : b € [0,1]}. In this case, any
completion depends not only on the agent’s effort (l;t) but also the principal’s
choice of approach (a;). Then, a pair of actions by the principal and the
agent, (a, 13), induces a probability distribution Peb over a pair of completion
dates for the main project and the subproject (7,,,7s). Let E*® denote the
corresponding expectation operator. If the agent adheres to the recommended

actions of I', the principal’s (ex ante) expected utility is given by

TATmATs
Py(T) =E* (1= Ry,) - Lrpcrnry + Pr (7)) - Lircmnty — / c dt] ,
’ (B.1)
where the first term is the net profit from the main project completion, the
second term is the expected payoff from the subproject completion at time
Ts, and the last term is the cumulative operating cost. The agent’s expected

utility is given by

TATmATs
Uy(T) =E** R, - 1<y + UTS(f’TS) “Lir <rary + / o(1 —by) dt],
’ (B2)
where the first term is the payoff from the main project completion, the second
term is the expected payoff from the subproject completion at time 7,, and the
last term is the benefit from shirking. By using the agent’s expected payoffs,

[ define incentive compatibility (IC) of contracts as follows.

Definition 4. A contract I’ = {T, {ag, by, Ry, ft}ogtST} is incentive compatible
if

1. for all ¢ < T, the recommended effort profile {b’};<.<7+ in the updated

contract I maximizes the agent’s expected utility at time ¢, i.e.,

0'(I") = max B’
beBt

T AT, B
Rf_m . 1{7'm§Tt} +/ gb(l — bs)ds )
t
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2. the recommended action profile {b;}o<;<7 maximizes the agent’s ex-

pected utility at time 0, i.e.,

5 R N TATmATs 5
Up(T) = IanEa’b R, 1, <ry +U™ (") - 1 <rnry + / o(1 —by) dt| .
beB 0

The objective of the principal is to find a contract I' that maximizes her ex
ante expected utility Py(I") subject to the incentive compatibility constraint
and the individual rationality constraint, i.e., Up(I') > 0. Designate such a

contract as an optimal contract.

C Proofs for Section 4

In this section, I provide the proof for the value function characterization
when there is no efficiency loss from splitting the project (Proposition 3).
[ begin by recursively formulating the agent’s and the principal’s problems.
Then, I explore some properties of the value function candidate suggested in
Proposition 3, including that this value function can be implemented by a one-
switch contract. Based on these properties, I prove Proposition 3 in Section
C.3. T also provide some properties of the thresholds for II, which are necessary

in the proof of Proposition 2, in Section C.4.

C.1 Recursive Formulation
C.1.1 The Agent’s Problem

In this subsection, I formally derive the agent’s continuation utility and the
Hamilton-Jacobi-Bellman (HJB) equation of it.

I begin by specifying the probability distribution functions for possible
events given a profile of approaches a = {a;}i<s<r and an admissible action
profile b € B; conditional on no completion has made by time ¢. The proba-

bility that neither the main project nor the subproject is completed by time
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T is f(a,b;t,T) where

_ Y _ Y1
f(a’ b7x’ y) =’ )\D fz albldl e )\5 fz (1 al)bldl.

Next, the probability density that the main project is completed at time s
and the subproject is not completed by that time (s = 7,, < 74) is Apasbs -
f(a,b;t,s). Similarly, the probability density that the subproject is completed
at time s and the main project is not completed by that time (s = 75 < 7,,,)
is As(1 —as)bs - f(a,b;t,s). Last, the probability density that either the main
project or the subproject is completed at time s and the other has not arrived
by then, i.e., 74 ATy = 8, is (Apas + As(1 — ay))bs - f(a,b;t,s).

Based on the above results, we can derive that

T
Ea7b [R»rm : 1{Tm§'rs/\T} | 14 S Tm N\ Ts} = / Rs ' )\Dasbs : f(a7 b7 t7 S)d87
R [UTS(FTS) Arycrrry | 1< T A TS} = / Us(T®) - f(a,b;t, s)ds.
¢

Observe that £ f(a,b;t,s) = —(Apas + As(1 — as))bs - f(a,b;t,s). By using

integration by parts, we have

TATMmATs T
]Ea’b |:/ gb(l — b5> | t<TmnA 7'5:| = / Cb(]- - bs) : f(a7 b7t7 S)dS.

Given a contract I', the agent’s maximized continuation utility at time ¢, Uy(T"),

can be derived as follows:

T
Ut(r) = Sup/ |:Rs ' )\Dasbs + Us(fs) ’ )‘S<1 - as)bs + ¢(1 - bs) f(a’a b; ta S)dS,
t

beB;
(C.1)
where B, = {{bs}1<s<r : bs €[0,1]}.
Also note that Up(I') = 0 since the contract is terminated at time 7.
The following lemma shows that the HIB equation (HIBpg) with a boundary

condition uy = 0 characterizes the evolution of the continuation utility U (T").

Lemma 5. Given a contract I, suppose that a continuous and differentiable
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process {u; bo<i<7 Ssatisfies up =0

O = ~Hl[aX] T:Lt + (b(l — Bt) + (Rt — ut))\Dth;t + (ufg — ut)AS(l — at)gt- (HJBPK)
b:€[0,1

where U = %. Then, u; = Uy(T).

Proof of Lemma 5. The proof is inspired by Proposition 3.2.1 in Bertsekas
(1995). Consider an arbitrary admissible action b € B,. By rearranging
(HIBpk), we can derive that

_us + ()‘Das + AS(l - as))gsut Z Rs)\Dasgs + Ufs)\s(l - as)gs + gb(l - Bs)

and it is equivalent to

s £ 0it,9)] 2 [(Rdpa, +utds(l =)y + 61— b)] - 0. 5,9).

By integrating the above inequality from ¢ to 7" and using ur = 0, we can
derive that

T
Uy > / [(RSADCLS + ugAs(1 — as)) ZNJS +o(1 — BS)} - f(a, l~); t,s)ds

¢

for all b € B;.

Suppose that b* € B, attains the maximum in the equation (HJBpg) for
all 0 <t <T. Then, we have

T
Uy :/ [(RsApas + ug(l — as)) Asbs + ¢(1 —b%)] - f(a,b";t, s)ds
t ~ N N

2/ [(Rs)\DCLs + uiAs(1 —ag)) bs + o(1 — bs)] - fla,b;t, s)ds

for all b € B,. Therefore, by (C.1), we have u, = Uy(T). O
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C.1.2 The Principal’s Problem

The Value Function upon the Subproject Completion Since this case
only requires one more breakthrough, it is identical to the single-stage bench-
mark of Green and Taylor (2016a). They show that the principal’s value

function Vy is characterized as follows:
Vs(uk) =Wk ., —ul = m— S (1— e d) — ot (C.2)

The Value Function without the Subproject Completion I now con-
sider the principal’s problem without the subproject completion. I begin by
considering the incentive compatibility condition. To make a contract incen-
tive compatible, at each point of time, the recommended effort level should

coincide with the agent’s choice in (HIBpg), that is,

b € argmax ¢(1 — b) + (R — u)Apab + (us — u)Ag(1 — a)b. (IC)
be[0,1]

In addition, since (HJBpg) is linear in b, it can be rewritten as follows:
U = — [925 \ ((Rt — ug) A\pay + (Ug —ug)As(1 — at))] : (C.3)

I now explore how the principal’s value function evolves. Note that V' (0) =
0 since the agent will not participate in the contract when the continuation
utility is zero. This will serve as a boundary condition. The value function

V(u;) can be heuristically written as follows:

— Cdt + (H — Rt) )\Datbtdt + VS(UtS)AS(l — at)btdt
V(u) = max :
Rhug’a‘t’bi + (1 - )\Datbtdt - AS(]_ - at)btdt)‘/(ut+dt)

By using V(urar) = V(ug) + V' (up)uedt 4 o(dt), canceling V' (u;) on both sides,
taking the limit as dt — 0 and plugging (C.3) in, we obtain an HJB equation:

0= max J(V(-), R,us,a,b). (HJBy)

Ryug,a,b
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where

JV(),Rus,a,b) =—c+ (I — R—V(u)Apab+ (Vs(us) — V(u))As(1 —a)b
— [pV{(R—u)Apa+ (us — u)As(1 —a)}] V'(u) (C.4)

Then, the principal’s problem is to solve (HJBy ) subject to (IC) with the
boundary condition V(0) = 0. The following lemma shows that the solution
of the problem maximizes the principal’s expected payoff subject to a promise

keeping constraint Uy(I") = u.

Lemma 6 (Verification Lemma). Suppose that a differentiable and concave
function V solves (HIBy) subject to (IC) with the boundary condition V(0) =

0. Then, for any incentive-compatible contract T' with Uy(T") = u,

V(u) > Py(T).

Proof of Lemma 6. Consider an arbitrary (deterministic) incentive-compatible
contract ' where the agent’s expected payoff is given by wu;. The payoff to the

principal under I is
T
Po(r> _/ (H — Rt — C- t) . )\Datbtf(a, b, O, t)dt
0
T
+ / (Vi(tsy) — ¢ -1) - As(1 — a)bufa,b;0,6)dt — ¢ T - f(a,b;0,T)
0
T
_ / (T = R)Apagb, + Vi(us)hs(1 — ap)be — ¢) f(a, b 0, )dt
0

where ug, = U,(I'5).

Since V solves the HJB equation, we have

0>—c+ (IT— R, — V(u)Apah; + (Vs(usy) — V(ug))As(1 — ar)by
— [0 VA{(R: — ut)Apar + (usy — ug)As(1 — ar) }] ‘N//(ut).
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By using (C.3), rearranging, and multiplying by f(a,b;0,t), we can obtain
that

(Apashy + Ag(1 — a)by) f(a,b;0,t) - V(ug) — f(a,b;0,t) - V' ()t ©3)
C.5
Zf(a, b, 0, t) ((H — Rt)ADatbt + VS(US,t)AS(]- — at)bt — C)

Note that
% (_f(a, b; O,t)f/(ut)> = (Apabi+As(1—ar)be) f(a, b; 07t)-‘7(ut)—f(a, b; 0, t)'vl(ut)ut'

Then, by integrating (C.5) over [0, 7] and noting that f(a,b;0,0) =1, up =0
and V(0) = 0, we have

V(ug) = V(ug) — f(a,b;0,T)V (ur)

> /Tf(a, b;0,t) - (Il = Ry)Apaeh; + Vs(us)As(1 — ar)by — ¢) dt = Py(T).
0

Therefore, V(ug) is greater than or equal to any deterministic contract
where the agent’s expected payoff is equal to uy. Since V is assumed to be

concave, it is greater than or equal to any randomized contract. O

Additionally, the following lemma shows that the agent is working when
V'(u) > —1.

Lemma 7. Suppose that V'(u) > —1. The solution of (HIJBy) subject to (I1C)

mwvolves b = 1.

Proof of Lemma 7. Assume that b* < 1 solves (HJBy/) subject to (IC). Ob-
serve that ((II— R—V (u))Apa+ (Vs(us) =V (u))As(1—a))b* = 0 from (HIBy).
This is because (Il = R — V(u))Apa + (Vs(us) — V(u))As(1 —a) = 0 when
b* € (0,1).

Also note that (—¢ + (R — u)Apa + (ug — u)As(1 — a)) b* = 0 from (HIBpk).
Then, we have & = —¢. By plugging this into (HJBy/), we have 0 = —c —
oV'(u), ie., V'(u) = —< < —1. Tt contradicts the assumption of V'(u) > —1.

¢
Therefore, b should be equal to 1 for the solution of (HJBy ) subject to (IC). O
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C.2 Value Function Candidates and Implementation

Lemma 8. The following statements hold.

(a) A direct-only contract with the deadline g implements a pair of expected

payoffs of the principal and the agent (V(u),u) where
Vi(u) = we (—) — . (C.6)

(b) When 0 < uy < u, a one-switch contract with the intermediate deadline

“5 and the final deadline 3 implements (V*d(uluy),u) where

u 1
Vsd(u|ul) = Wj?/qﬁ (&, )\—S> — U. (C7>

(¢) A sequential-only contract with the deadline 3 implements (V*d(u]0),u).

(d) The following differential equations hold:

oV (1) = \p <H — % —u— Vd(u)) —c, (C.8)
oV*? (ulur) = As (Vs(u +2) - VSd(u|u1)) _e. (C.9)

Together with Proposition 1, this lemma implies that (V(u),u)—defined
in (4.2)—can be implemented by one of the above three contracts. Moreover,

there exists ©; > 0 such that V can be rewritten as follows:

Va(u), if u <4y,
V(u) = (C.10)
Ved(ulty), ifu > .

Specifically, 4, is chosen to be equal to (bT if % < A, and 0 if % > A. The

following lemma provides useful properties of V and ;.

Lemma 9. Suppose that Ag = 2Ap. The following statements hold.
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(a) if 4y > 0, Vo9 (0y)0y) = V¥ (01) and V¥ (u|u) < V() for all u < uy,
and if 4y, = 0, V54 (0|0) > V¥(0).

(b) V'(u) > —1 for all u > 0.

(c) V is concave.

C.2.1 Proof of Lemmas

Proof of Lemma 8. (a) Let I'y(T) denote a direct-only contract with the
deadline T'. The agent’s expected payoff is

T T 1
UCuT) = [ Ry hoe o mdr = | ¢(T_Tm+__)ADeAmwmh
0 0 )\D

T
== (T — ) 07
0

= ¢T.

Therefore, Up(I'a(5)) = w.

Also note that the sum of the expected payoffs of the principal and the
agent should equal to the expected surplus from the direct-only policy
with a deadline of T

Po(Ta(T)) + Up(Ta(T)) = WHT).

Therefore,

(1)) () --ve

(b) Let I'yq(T1,T) denote a contract with a switch from the sequential ap-
proach to the direct approach at 77 and the deadline T'. The subcontract
at time ¢ < 77 is denoted by fsd(t]Tl,T). Then, the agent’s expected
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payoff for the subcontract T'yq(¢|T}, T) at time ¢ is

T+5=
A 1 1
Ur(Tsa(t[T1, T)) :/ “ o <T + — — T+ —> Age s Dgr
t

As As

1
=—0|T+ L T | €728 =0) s

Ag ¢

1
=6 (T+——1t).
( " As )
Also note that
T R T 1
U, (Doq(7s|T1, T)) Age™ 57 dry = o(T + SV 7o) Age 5T dr,
0 0 s

= — o(T —r)e ™|}

=¢T — ¢(T — Ty)e ™.

Then, the agent’s expected payoff at time 0 is

Ty R
Uo(Tsa(T1,T)) = / Uy, (Coa(7e|T1, T))Ase ™5™ dr,
0

T
1
+e T G(T 4 1 = ) Ape P,
Ty D

=0T — §(T = Ty)e ™ — 571 [ (T = ,) e =[]

—oT.

Thus, Uy(Tsq(17, %)) = qu.

As in the previous case, the sum of the expected payoffs of the principal
and the agent is equal to the one-switch policy with the intermediate
deadline T}, the deadline T', and the extension %:

Po(Tsa(Th, T)) + Up(Tsa(T1, T)) = Wit 1 (T, ).

) E

By plugging in T"= % and T} = *2*, (C.7) holds.
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(c) Note that a sequential-only contract with a deadline T is equivalent
to a contract with a switch from the sequential approach to the direct
approach at T} = T and a deadline 7. Therefore, by the previous result,
a sequential-only contract with the deadline ¥ implements (V5d(u]0),u).

(d) By the construction of W¢,
WAT) = A\p(IT = WYT)) — ¢, (C.11)
for all 7' > 0. Similarly,

Wi(T, 55) = As(Wp

1
+E

for all T > T.
Using the definitions of V¢, V*? and Vg, (C.8) and (C.9) follow.

Proof of Lemma 9. (a) Suppose that @; > 0, which implies that % < A,
Now set A = é In Lemma 3, T is chosen to satisfy A\p(II — W4(T))) =
As(W} o = WHUT)) and Ap(IT—=W(2)) > As(WE, o — Wi(2)) for all

T Ts s
z<T.
Using Lemma 8 (d) and W(T) = Wiid(f,t), we can derive that
Vsl (i |iq) = V¥ (01) and V¥ (ulu) < V¥ (u) for all u < 1.
When @; = 0, and thereby % > A, it follows from (A.11) that V% (4 |a,) >
Ve (@),

(b) Since a longer the deadline increases the expected social surplus, W*(T, A)

is increasing in T'. Therefore,
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(C) If u S ﬂh

2
V'(u) =V () = — (n - Ai> ;—f;e—?“ < 0.
D

Now assume that uw > @;. By using (C.11), (C.12) and V¥ (4;) <

V5 (4i1]ti1), we can derive that

N A C AS -~
)y <M—— = 25 (=) e o0t (03
Wit it- gt s () (©1

Using (A.10), we can derive the followings though some algebra:

sd!! N AS 2 ﬁ(ﬂl_u) d/a 2C C _Aisal_]_
Ve (uluy) = r e W) — H—)\—S +2 H—)\—S e ¢

By plugging (C.13) in, we have

) As\? s, s — 2\p As — 2\p e\ _As,
Vsd” <[22 % (1 —u) |: m— = Sin—1
(uldn) < ( 5 ) ‘ NsOs —20) T A o )€

) (H ) i) (ﬁy (= in)e F55 (C.14)
As ¢ ' ' .

Then, from Ag = 2\p, V" (u) = V¥ (u]ty) < 0 for all u > .

C.3 Value Function Verification (Proposition 3)

The goal of this subsection is to prove Proposition 3. Specifically, T show that
the value function defined in the previous section solves (HJBy) subject to
(IC). To achieve this, I introduce functions that specify potential deviations
and then establish useful properties as a lemma, followed by the proof for

Proposition 3.
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First, define
LP(u,R) = JV(), R, 1,1) = Ap(II—=R—V(u))—c—Ap(R—u)V'(u). (C.15)

Given u, maximizing this function with respect to R > u + % is equivalent
to maximizing the right hand side of (HJBy ) under the condition that b =1
solves (HIBpg) with a = 1.

Similarly, define

L (u,w) = T(V(), -, us,0,1) = Ag(Vo(w) — V(1)) — ¢ — Ag(w — u)V'(u).

Given u, maximizing this function with respect to w > u + % is equivalent to
maximize the right hand side of (HJBy ) under the condition that b = 1 solves
(HJBPK) with a = 0.

Lemma 10. Suppose that 11 > ﬁ and A\s = 2Ap. Then, for any u > 0,

LP(u,R) <0 for al R>u+ & and L*(u,w) <0 for allwzu—i—%.

Ap’

Proof of Lemma 10. 1 begin by showing LP(u, R) < 0 for all R > u + %

Observe that
oLP

OR
from Lemma 9 (b). Also note that

— Ap(L+ V() <0.

LP(u,u + %) =Ap(Il —u—V(u) —c—d(V'(u) + 1)
=Ap(IT—W*(%,55)) —e— W (%, 55) <0.

The last inequality is due to (HJBy). Therefore, LP(u, R) < 0 for all R >
U+ %
For L°, observe that
oL’

oy . i >
5 As(w —uw)V"(u) >0

by the concavity of V. Therefore, it is sufficient to check whether L°(u,u +
%)S()foralluzo.
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Note that for all u > 4y, L(u,u + %) = 0 holds by (C.9). Now, suppose
that u < 1, thereby V(u) = V¢(u). Using (C.9) and Lemma 9 (a), we have
L3 (u,u + %) = o(V*¥ (ulu) — V¥ (u)) < 0 for all u < 1. O

Now I prove Proposition 3.

Proof of Proposition 3. 1 begin by showing that J becomes zero when the
value function V is utilized alongside contractual terms with binding ICs.
When u > 4y, V(u) = V*¥(u|d;). Then, by (C.9),

T (V¥ulin), - u+ £, 0, 1) =0,
Likewise, when u < 4y, V(u) = V%(u|), and by (C.8),
J (Vd(u), wt L 1) ~0.

Next, by Lemma 9 (b), we have V'(u) > —1, which guarantees b = 1 by
Lemma 7. Additionally, Lemma 10 shows that 7 is nonpositive for any feasible
deviations. Therefore, V solves (HJBy ) subject to (IC).

The concavity of V is shown in Lemma 9 (c). If 4 = 0, V(u) = V*%(u|0) is
differentiable for all u > 0. If 4; > 0, V%(u) is differentiable for all u < @; and
Ved(ulty) is differentiable for all u > 4. By Lemma 9 (a), V is differentiable
at 1y as well. Also note that V(0) = 0. Therefore, by Lemma 6, for any incen-
tive compatible contract promising the agent u units of utility, the principal’s
expected payoff is lower than or equal to V(u).

Last, by Lemma 8, there exists a contract implementing (V(u), u). There-
fore, V(u) is the principal’s maximized expected payoff subject to the promise-

keeping constraint Uy(I') = u and the incentive compatibility constraints. [J

C.4 Thresholds

In this section, I explain how to pin down the thresholds IIp and IIg and

provide some properties of them.
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First, recall that IIg is the solution of % = A. This gives us

1 1 ASHS —C )\DHS e—1
—=—1 = ~ 2.392.
)\S )\S 08 ()\S — /\D)HS —C < C e—2
(C.16)

Also recall that the threshold is relevant to whether the switching point

is greater than @ or not. Since V is concave, 4y < u if and only if V(i) > 0.
Observe that by using the formula of V¢ and (A.13), we can derive that

(/\DH — C)2

Vi) = Vi) = S g

e— 1.

By solving the equation making the above equal to zero, it follows that V' (4;) >
0 if and only if

HgnDE%.c'e+¢+cv‘f<c'e+¢). (C.17)

I conclude the section by showing that 11 lies between IIr and Ilg.

Lemma 11. When Ag = 2\p, lIp € (Ilg, ).

Proof of Lemma 11. From ¢ < ¢, we have

Apllp < (e+1)++Ve+1
c - e

~ 2.077.

Therefore, by (C.16), IIp < Ilg.
Next, observe that

Ap(IIp —1Ip)  —¢d(e— 1)+ /o(c-e+ ¢) - ¢(\/e+1—(e—1)).

C c-e

Since ve+1—(e—1)~ .21 >0, [Ip > . O
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Online Appendix for
“Managing a Project by Splitting it into Pieces”

Yonggyun Kim

In this online appendix, I provide the proofs for Section 5, specifically the value function
and optimal contract characterizations when there is an efficiency loss from splitting the
project (Proposition 6, Proposition 4, and Proposition 5). Some results in Appendix C can
still be utilized (e.g., Lemma 5, Lemma 6, Lemma 7, and Lemma 8) as they do not use the

parametric assumption Ag = 2Ap.

OA.1 Value Function Characterization

I begin by specifying a value function that can be implemented by a two-switch contract
defined in Definition 3.

Lemma 12. The following statements hold.

(a) When 0 < uyp < ug < u, a two-switch contract with the intermediate deadlines “;“2,
—“‘(ﬁ“l and the final deadline % implements (V4 (u|uy, up), u) where

A

A
VI (u|ug, up) = (H - )\i) (1 - eTD(“T“)> + (V¥ uguy) + ug)e s 27—y,

D
(OA.1.1)
(b) The following differential equation holds:
¢Vd8d,(u|u1, Uz) — >\D (H _ /\i —u — Vde(U’lh,UQ)) — C. (OA12)
D

Proof of Lemma 12. (a) Let I'gsq(T1, T, T) denote a contract with two switches at 7} and
T, and a deadline T. Note that at time 7} (if the project has not been successful),
the remaining contract is equivalent to I'yq(To — T1,T — T1). Recall that Uy(Tyy(To —



T,,T —T1)) = ¢(T —T1). Then, the agent’s expected payoff at time 0 is

T

Uo(Casa(T1, T2, T)) = | (T + 55 = 7o) Ape 2™ dr,,
0

+e MM U(Dsa(To — Ty, T — Ty))
=¢T — (T — T1)e " e P T(T — Ty) = ¢T.

Thus, Uo(Pasa(T1, T2, 3)) = u.

Also note that
Po(Lasa(Th, 15, T)) + Up(Lasa(Th, T2, T))
T
:/ (IT — cr)Ape ™ dr, — cTie P
0
+ 67>\DT1 (PO(Fsd(T2 — T17 T — Tl)) + UO(Fsd(T2 — Tl, T — Tl)))

Recall that Up(Tsa(T5, 7)) + Po(Tsa(T5, T7)) = V*4U(@T1|o(T] — T3)) + ¢(T] — Ty). By
plugging in 77 =T — T, Ty = Ty — T, ¢T) = u — uy and ¢Ty = u — uy, the right
hand side of the above equation becomes V94 (u) + u, thus, Py(Tysa(Th, T, T)) =

Vde(U|U1, Ug) — U.
(b) Last, by taking the derivative of (OA.1.1) and multiplying by ¢, we have
¢Vd8d/(u|ula uz) =Ap (H B _) G%D(UQ_U) —Ap (VSd(U2|U1) + U?) G%D(W_u) -
— ¢ dsd
=Ap | I — — —u— V" uluy,us) | —c,

thus, (OA.1.2) holds.
[

Based on the intuition presented in the main text, I conjecture the value function defined

as follows.

Va(u), if 0 < <y,
V(u) = Vel(uliy), if 4y < u < s, (OA.1.3)

Vde(U|lAI,1,1AL2), if '&/2 < U.

The following proposition shows that there exist 4, and 49 such that the above three value



functions are smoothly pasted, and the resulting function is the principal’s value function.

Proposition 6. Suppose that ) is less than 1.
(a) (Smooth Pasting) There exist iy > 1y > 0 such that

i V4V (u) > V¥ (ufu) for all 0 < u < iy ;
i, VU (Gg]ty) > V¥ (1), and if the equality holds, V3% (iy)iy) > V4" (i11);
iii. VU (u
i, Visd'

!
p. Vdsd

1) > VO (ultiy, u) for all iy < u < ty;
(’[L2|@1, 1TL2> = VSd,(’lAL2|lAL1) and Vde”(QALQhALl, 112) > VSd”(ﬂ2|’&1);
(uldy, itg) > L [)\S(Vs(u +2) = VA ulity, 4)) — ¢| for all u > @.
(b) (Large Loss) If n < -1, there emists I, (n) such that

i lly =iy = 0 if Ty (n) > 11> 5&;

ii. Gy >y > 0 if I > Ty (n).
(¢c) (Small Loss) If = <n <1, there exist s(n) > My (n) such that

iy =0y = 0 if Ty (n) > 11> 5%
i, s >ay > 0 if Tg(n) > I > Ma(n);
dii. Gy > Gy = 0 if T > Tg(n).

(d) The function V defined in (OA.1.3), with 4, and Gy derived in (a), serves as the

principal’s value function.

OA.1.1 Proof of Proposition 6

I begin by identifying which approach will be chosen at the deadline. Note that the direct
approach is chosen at the deadline if and only if V¥ (0) > V*%(0/0). The following lemma
provides the parametric condition for this.

Lemma 13. Ifn < -1, the inequality VA (0) > Vs9(0[0) always holds. Ifn > ==, V¥ (0) >

1 -1
V*9(0(0) is equivalent to
e—1 c
nle—1)—1 Ap

IT < Ms(n)
Moreover, if I1 = TIg(n), then V¥ (0) = V*¢(0|0) and V" (0) < V*¢"(0]0).

3



Proof of Lemma 15. By V%(0) = V*%(0/0) = 0 and Lemma 8 (d), we have

V¥ (0) = Apll — ¢ — ¢,

V00 = AsVal) e = (- S ) (e —o e

Therefore, V¥ (0) > V*¢(0|0) is equivalent to:
(n(e —1) = 1) Apll < ¢(e —1).

Therefore, when 7 < -, V4(0) > V*¥(0/0) always holds, and when n > -, V¥ (0) >
V4" (0[0) is equivalent to IT < IIg(n).

Next, assume that n > é and IT = I1g(n). With some algebra, it follows that

6*V*"(0]0) — ¢*V*"(0) = Apc [—(e(e__l)ln)”_ J .

The right hand side is positive from 7 > —L5, thus, v=2"(0]0) > V4"(0). O

Next, I establish a condition under which the direct approach is always employed. When
this condition does not hold, a switch from the direct to the sequential approach occurs. 1

show the existence of the switching point ;.

Lemma 14. There exists 11(n) > /\2—2 with (1) = /\2—; = 5= such that the following

statements hold.
(a) If = <1I< Ty (n), V¥ (u) > V¥ (ulu) for all u > 0.

(b) Suppose that one of the following statements hold: (i) n < - and I > Iy (n); (i)
n > - and Mg(n) > I > My (n). Then, there exists iy > 0 such that V¥ (i) =
Vel (G ]ay), VO (01) < V3 (0 |tn) and V¥ (u) > Vo4 (ulu) for all u € [0,1);

Proof of Lemma 1. Define z = e F, Using (C.8) and (C.9), ¢V* (u|u) — ¢V (u) can be

expressed in the form of H,(z) with A = t, as defined in (A.12) in the proof of Lemma 3. I

also consider this as a function of II. With the definition of 7, it can be rewritten as follows:

Hy(z;T1) = — {(n + DApIl = c} e L2t + n(Apll — )z — (1 — n)e. (OA.1.4)



Observe that

0%H,

o2 @) ==+ O {ln+DApI = ¢} e e,

thus H; is a strict concave function in z when IT > 55+ Let z*(I) be the solution of

max, H;(x;1I) subject to 0 < z < 1. Then, when IT > ﬁ, from the first order condition, we

can derive that

(OA.1.5)

* . 77<)‘DH - C) z 15
eI = [<n+ D+ DApI }] |
Now define

h(Il) = H, (2" (1) 11) = K (%) "ol —¢) — (1 —n)e

I

where K = nn_fl (n+1> Observe that

() o ()

from n <1 and n(1 —n)e < £ <1< (n+1)% In addition, Hlirn h(I1) = oo and
— 00

<0

K(I) = K(ApII — ¢)7(AsIT — ¢) 1 ]ApAsIL > 0.

Therefore, there exists a unique II such that A(II) = 0 and IT > f—g Let the solution of
h(II) = 0 with IT > /\2—; be Iy (7). Also note that when 7 = 1, h(f—;) = 0 thus IT(1) = f—; =

ﬁ.
(a) Suppose that ;& <1l < I1),(n). We have 0 > h(IT) = Hy(z*(IT); 1) > H,(z;11) for all
0<z<1 Ttis equlvalent to V¥ (u) > V*9 (u|u) for all u > 0 in this case.

(b) First, suppose that n < —L- and IT > IT)/(n). Then, we have 0 < h(I1) = H,(«*(IT); II).
In addition, by Lemma 13, we have Hi(1;1I) = ¢(V*¥(00) — V¥(0)) < 0. Then, by
concavity of Hy; wr.t. x and %(z*(ﬂ);ﬂ) = 0, there exists z; € (2*(II), 1] such

that H,(x1;11) = 0, 851 (z1;10) < 0 and Hy(x;IT) < 0 for all € (x,1]. By defining

SWhen 1T < % 55, the solution of the maximization problem maxo<,<i Hi(2;1I) is z*(II) = 1.

1
However, we can show that m# < 1 for any 0 < n, which implies that we can focus on the interior
solution when II > & S



i = —%log 1, the above conditions can be translated into: V¥ (i) = V5% (ay|dy),
VA (4y) < V¥ (4 |dy) and V¥ (u) > V¥ (u|u) for all u € [0, ).

Next, suppose that n > e—% Note that by the definition of f[g(n), if I > 1:15(17)7
Hy(1;1I) > 0. It implies that A(IT) > Hy(1;1I) > 0 and II > TI,(n). Therefore, we
can see that Ig(n) > I (n). If Tg(n) > I > My (n), we also have Hy(z*(IT);1I) >
0 > Hy(1;1I). By using the same arguments as above, we can show that there exists
@iy > 0 such that V¥ (i) = V3 (ay|y), V" (61y) < V3 (1 |dy) and V¥ (u) > Vo4 (ufu)
for all w € [0,4y).

]

The following lemma shows that when there is an efficiency loss from splitting the project

and the sequential approach is employed, there will be an additional switching point, 5.

Lemma 15. Suppose that n < 1, Il > & and one of the followings hold: (i) Ve (i) <
Vel (G]ty); (i) V¥ (1) = V3 (0 |ty) and V¥ (iy) < V3 (4y]0y). Then, there exists iy >
Gy such that V¥ (iig]ty) = V& (lg) g, 1) and Vo (1] tiy) < V& (l1g]tiy, 1s) and such i

is unique. Moreover, V¥ (u|tiy) > Vo4 (u|tiy, u) for all u € (4, Gs).

Proof of Lemma 15. Using (OA.1.2), (C.9) and V%4 (u|iy,u) = Vo (uliy), oV= (u|iy, u) —

oV (u|ily) can be rewritten as follows:
Apll — Ag {Vs(u + %) +u+ %} + (As — Ap) (V*4(u|ty) + u).

A ~
By performing a similar derivation as in (A.14) and using n = /’\\—LS) —land y = 6_75(“_“1),

the above expression can be further rewritten as follows:

AG A
Tet (Al — et =% ™ [1 +

lo
111 gy]y

1+n
(OA.1.6)

1—n _Apg

+ — (A\pll — o "y
! {1 Ty et ] !

Note that Hy(1) = oV (4y]dy, 4y) — oV (4 |6y) = oV (Gy) — ¢V (4y|6y) < 0 by

assumption. By differentiating H, twice, we have

~ Ag~ 1
Hy(y) = L(ASH —e)e T 5,

1+n Y



Since I > ﬁ > ﬁ, H, is strictly convex in y. Also note that

c> 0.

~ 1—7]
lim Hy(y) =
lim. Hy(y) o

By the convexity of H,, there exists 1y, € (0,1) such that (i) Hy(y) < 0 for all y € (5, 1), (ii)
Hy(y,) = 0, and (iil) Hjy(ys) < 0. Let iy = 0y — % log yo. Then, from (i) and (ii), we have
Vsl (ultiy) > VO (ultiy, u) for all u € (i, 4y) and Vo4 (t|tiy) = VB (9], ). Addition-

ally, since y is decreasing in u, Hj(y5) < 0 implies that V5% (dy|i,) < VS (4y)0, 1), O

Next, when there is a switching point us, the following lemma shows that the direct

approach is employed for all u > us.

Lemma 16. Suppose that T > &, V¥(i|in) = V& (alin, @a) and V" (ip]in) <

VA" (G| iy, ). Then, Ag (Vg(u + ) — Vd(uliy, az)) — VA (u]dy, Gp) — ¢ < 0 for all

u > Us.

Proof of Lemma 16. By differentiating (C.8) and (C.9), we have
oV (ulin) = As (Vi (ut ) +1) = xs (V' (ultn) +1),
VL (uliy, ) = —Ap (Vde’(uml,ﬁg) + 1) .
Then, Vo4 (tis]tiy) = VY (Gis]tiy, o) and V3 (tis]tiy) < V4" (|01, Gi2) imply that
(As = Ap)(1+ V¥ (da]dn)) > As(Vi(da + ) +1)
— n(1+ Vo (g]dy)) > (n+1) (M) e~ Tt (OA.1.7)

¢

Define a function Hj : [Gg,00) — R as
Hy(u) = s |Vs(u+ ) = VE(ufar, i) | — oV (uliy, @) — c.

With some algebra, we can derive that



Also note that

Hs(liz) = As |Vs(li + 52) — V*¥(iialin) | — ¢ — gV (]t i12)

= V" (asity) — OV (aoitn, 1) = 0.
A ~
Define z = e ¢ ™% Then, Hj(u) can be rewritten as follows:
~2Say-1 pt1 sd (5 15
Hi(x)=(n—1)c— (Mgl —c)e” A 0] (V (Tg|ty) + 1) x

and ffg(l) = Hg(’ag) = 0.
Note that

Fiy(a) = -+ DT = e F 4 0 (Vo2 (anfay) +1)
By (OA.1.7), we can derive that
~ Ag A
(1) = =(n+ DT = e & 406 (V9 (agli) +1) > 0.
Also note that
~ AG A
HY(z) = —(n+ Dn(AsIT — c)e” 7 27111 < 0,
Therefore, Hj(z) > 0 for all 0 < z < 1. Since Hs(1) = 0, Hs(z) < 0 for all z € (0,1). Thus,
As (Vg(u + ) - vdsd(uyal,@)) — oV (i, i) — ¢ < 0 for all u > @ O

Lastly, I show that the resulting value function is concave, and that L” and L°—the

functions specifying deviations, defined in (C.15) and (C.3)—are nonpositive.

Lemma 17. Suppose that 11 > ﬁ and n < 1.

(a) V is concave;

(b) for any u >0, LP(u,R) <0 for all R > u+ <2, and L°(u,w) < 0 for allwzu%—%.

Ap’

Proof of Lemma 17.  (a) When u < @y, V"(u) = V¥ (1) < 0 from Lemma 9 (c).

When 4; < u < g, the inequality (C.14) is still applicable, and from Ag < 2Ap, we
have V" (u) = V54 (uliy) < 0.

When u > 4y, by differentiating (OA.1.1) twice, we have

A\ 2 i
VdeN(umla@?) - (?D) ' (H a /\i — (V5 (Qg|tiy, 1) + Z12)) e_%D(“_“Q).
D



Note that V*(dy|dy, Gs) + 1s cannot exceed the first-best expected surplus IT — s

thus, the above expression is negative.

Since these component functions are smoothly pasted at @; and s, the entire value

function is concave.

(b) As in the no efficiency loss case, V(u) + u is increasing in u, thus, V'(u) > —1 and it
gives % < 0. Thus, it is sufficient to show that LD(u,u + %) < 0 for all w > 0.

Observe that from (C.8), (C.9) and (OA.1.2), we have

0, if u <u; orwu> s,

OV (uliin, u) — OV (ulin), iF u € (i, ).

Since @y and iy are chosen to satisfy V& (u|iy, u) < Vo4 (u|iy) for all u € (iy, 1),
LP is always nonpositive.

Likewise, from the concavity of V, % > 0. Thus, it is sufficient to show that L° (u, u+
%) < 0 for all w > 0. Then, we have

(
oV (ulu) — oV (u), if u <y,
0, if u € (i, 1),
Lo(u,u+ ) = ) N (@1, 4s)
Vs(u+ L) — V& u|iy, 4
sVslu+35) ,( i, 2)) if u > .
—Cc — ¢Vdsd (u|ﬂ1, ﬂ2)7

By Lemma 14 and Lemma 16, L® is always nonpositive.

Now I prove Proposition 6.

Proof of Proposition 6. 1start by showing that, for each condition in (b) and (c), the switch-

ing points are as stated and the conditions in (a) also hold.

(b-i & c-i) By Lemma 14 (a), V¥(u) > V*¥(ulu) for all u > 0. Note that V%(u) =
Vasd(y]0,0) and
SV (ulu) = As(Vs(u+ ) — V=(u0,0)) — ¢

by (C.9) and V*¢(u|u) = V¥(u). Therefore, with 4; = @y = 0, the conditions (a-i)—(a-iv)

hold trivially, and the condition (a-v) holds as demonstrated above.



(b-ii & c-ii) By Lemma 14 (b), there exists 41 > 0 such that the conditions (a-i) and (a-ii)
hold. Next, by Lemma 15, there exists iy > 4 such that the conditions (a-iii) and (a-iv)
hold. By Lemma 16, the condition (a-v) holds.

(c-iii) By Lemma 13, V*%(0[0) > V%(0). By setting @i; = 0, the conditions (a-i) and (a-ii)
hold trivially. Next, by Lemma 15, there exists @z > 0 such that the conditions (a-iii) and

(a-iv) hold. By Lemma 16, the condition (a-v) holds.

(d) Following the same steps of the proof of Proposition 3, V solves (HJBy ) subject to
(IC). O

OA.2 Proofs of Proposition 4 and Proposition 5

Lemma 18. Suppose that 11 > I (n) and n < or5- Then, Uy is less than u.

Proof of Lemma 18. Since V is strictly concave, Uy < u is equivalent to 0 < V'(uy) =

V5 (Gy]tiy) = VO (G1g|diy, G1p). Then, 0 < VS (4y]dy, 15) is equivalent to:
Ap (g + V() < ApIl — ¢ — ¢. (0A.2.1)
Also note that V& (Gy|ay, tip) = V' (tia]ty) and V9 (Giy|tiy, Gi) = V3 (dig|iy) imply that
Ao (Il = i = V(i) = As (Vs (2 + 52 ) + 2 + 52 ) = As (V2 (alir) + 2)
by (C.8) and (C.9). By plugging (C.2) into the above equation, we can derive that

o | ? C _ASao
(As = Ap) (V4 (dalitn) + o) =As (H - A_s> (1= =) = xpm

A

= A (V' (i) + ti2) =nApll — ¢ — (ATl — c)e™ % 7",
Then, by plugging this into (OA.2.1), 0 < Vde/(’&2|ﬁ1, {i3) is equivalent to

A

n(c+ @) —c < (Agll — 0)6_7%2_1.

10



Since IT > ﬁ > i, the right hand side of the above inequality is always greater than 0.
c
Since it is assumed that n > ch’ the left hand side of the above inequality is always less
c

than 0. Therefore, the above inequality always holds, i.e., i is less than . O

Lemma 19. Suppose that n > 7 = max{-"1, , [ <i3}- There exists 5(n) € (T (n), s(n))
such that Gy < @ if and only if I1 > IIp(n).

Proof of Lemma 19. From n > -1, I15(n) exists. Suppose that IT > IIg(n). By Lemma 13,
u; = 0. Note that
e—1 ¢ 2c _c+9¢

— > — > = [Ip.
e—2 )\D )\D_ )\D r

~ e—1 c
11 - - - .-
s(m) (e—1)n—1 Ap

>

Then, the project is feasible and @ is greater than 0, i.e., u > ;.
Now suppose that I1),(n) < II < Ilg(n). Since V is strictly concave, 4; < u is equivalent
to 0 < V(i) = V¥ (@) Note that 0 < V¥ (4;) is equivalent to:

% < B_ATD{” = 7. (OAQQ)

Recall that #; is a solution where H;(x), as defined in (OA.1.4), equals zero. Additionally,
Iy (n) < I < IIg(n) implies that Hy(1) < 0 < Hy(z*) where z* is defined in (OA.1.5).'6
There are two possible cases that satisfy (OA.2.2): (i) z* >

/\Dld_)[_c; (i) —2— > z* and

~ )\DH—C
Hy(5-5=) < 0.
The first case is equivalent to H{(#) < 0. By algebra, we can show that it is

equivalent to
(n+ DApll—c¢ __ne
()\DH — C)n+1 n =+ 1

¢, (OA.2.3)

The second case is equivalent to f]{(#) > 0 and ﬁl(#) < 0. By algebra, we can

show that it is equivalent to

ne 5 < (m+DApll—c

n+1 Opll = gt = (et 9)=<) ep . (OA.2.4)

Last, by the proof of Lemma 14, we can show that IT > II,;(n) is equivalent to

(77 + 1))\DH —C 772 K ne _,
Tl = oy <\1= Z) 1T 77c . (OA.2.5)

16 or simplicity, II is omitted from the definition of H; and z*.

11



Now I compare the above three conditions. Using n > \/c/(c+ ¢), by simple algebra,

we can show that

ne
n+1

2 n
d”<(Mc+¢%—@mr%1<(1iWJ 1Tna?

Therefore, the inequality

(n+ DApll —¢
(ApIl — ¢)ntt

<(nle+o)—cleg™"

imply that (OA.2.3), (OA.2.4) and (OA.2.5). Define IIp(n) be the value of II that makes
both sides of the above inequality equal. Then, IIp(n) > Il (n) since IT < II/(n) implies
I < IIp(n). Therefore, there exists IIp(n) > Il (n) such that 4, < @ if and only if
11 > Ip(n). O

Lemma 20. Suppose that n > 71 = ci¢' Then, uy > .

Proof of Lemma 20. By following the proof of Lemma 18, @y > @ is equivalent to

(n—1ec+ne > e%s(al—az)
(AT — c)e_%sf“_1 a

Y =1 (OA.2.6)

By the proof of Lemma 15, 95 is the solution, which is not equal to 1, of Iflg(y) =0.",
Since 1y > uq, if ¥ > 1, the above inequality holds, thus, I restrict attention to the case of
7 < 1. Observe that the inequality Hy(7) < 0 implies (OA.2.6) because H is strictly convex
in y and Hy(1) < 0.

~ AD o~ ~
Using the definition of H; in (OA.1.4) and &, = P Hj(y) can be rewritten as follows:
n

i 1— o 1— asg
fb@)=1+ZO—Hmmw+’_1+ZC+1+nMﬂI—@6 5 ogy | y.

Also note that #; is chosen to satisfy H; (1) being greater than equal to zero.
By plugging the definition of 7 into the above equation, we can derive that
: 1—n : U

Hy(y) = 1 +776(1 —v) — Hi(21)y + m ((n—1)c+ne)logy.

"The function H, is defined in (OA.1.6)

12



Now define a new function G as follows:

1— -
Gly) = el —9) = Hili)y + 1 (7= De+ o) logy,

and it is enough to show that G(y) < 0 for all y < 1.

Note that ]
14+n y?

C C
from n > N i Also note that

G/(1) =~ (@) + 5 (0 = e+ 170) <.

from n > | /- and Hy(#;) > 0. Lastly, note that G(1) = —H,(2;) < 0. Therefore, for all
y<1,G(y) <G1)+ G (1)1 —y) <0. Therefore, Hy(7) < 0 and uy > @. O

Now I prove Proposition 4 and Proposition 5.

[

c+o¢°

Proof of Proposition 4. Note that 45 is always greater than « by Lemma 20 since 1 >

Additionally, using Lemma 13, Lemma 14 and Lemma 19, we have

Vi(n), if Iy < II < Tp(n),
altn), if Ip(n) < II < s(n),

V(u) = Vs
Ved(@|0), if Tg(n) < 1L

As in Proposition 2, the value functions above can be implemented by direct-only, one-switch

and sequential-only contracts, respectively. O

Proof of Proposition 5. By Proposition 6 (b-i), when IT < II,(n), @y = @ip = 0. By Proposi-
tion 6 (b-ii) and Lemma 18, when II > II;;(n), @ > Uy > ity > 0. Therefore,

Vde(ﬂ|O, O) — Vd(ﬂ)7 if HF < II S 1:-[M<TI>7

V(u) = -
Vde(ﬂ\ﬁl, ﬁ2)a if HM(n)-

By Lemma 12, (V%4(%|d,, d), %) can be implemented by a two-switch contract. Therefore,
when II € (I1p, II,(n)], the direct-only contract is optimal, and when II > II,;(n), there

exists a two-switch contract that is optimal. O

13
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